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Abstract

Bicyclic graphs are connected graphs in which the number of edges equals the number of vertices plus
one. In this paper we determine the graph with the largest spectral radius among all bicyclic graphs with n
vertices and diameter d. As an application, we give first three graphs among all bicyclic graphs on n vertices,
ordered according to their spectral radii in decreasing order.
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1. Introduction

Let G = (V(G), E(G)) be a (simple) graph with n vertices, and let A(G) be a (0, 1)-adja-
cency matrix of G. Since A(G) is symmetric, its eigenvalues are real. Without loss of generality,
we can write them as A1(G) = A2(G) = - -+ 2 X,(G) and call them the eigenvalues of G. The
characteristic polynomial of G is just det(Al — A(G)), and is denoted by ¢ (G; ). The largest
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eigenvalue A1 (G) is called the spectral radius of G, denoted by p(G). If G is connected, then
A(G) is irreducible, and by the Perron—Frobenius theory of non-negative matrices, o(G) has
multiplicity one and there exists a unique positive unit eigenvector corresponding to p(G). We
shall refer to such an eigenvector as the Perron vector of G.

The investigation on the spectral radius of graphs is an important topic in the theory of graph
spectra. Recently, the problem of finding all graphs with maximal or minimal spectral radius
among a given class of graphs has been studied extensively. For related results, one may refer to
[1-9,11-13,15-17] and the references therein.

Bicyclic graphs are connected graphs in which the number of edges equals the number of
vertices plus one. Chang et al. [3] determined graphs with the largest spectral radius among all the
bicyclic graphs on n vertices with perfect matching. Yu and Tian [17] determined the graph with
the largest spectral radius among all the bicyclic graphs on n vertices with a maximum matching
of cardinality m. Guo et al. [7,13] determined the graph with the largest spectral radius among
all the bicyclic graphs with n vertices and k pendant vertices. Simi¢ [15] determined the bicyclic
graphs on prescribed number of vertices with spectral radius minimal.

The diameter of a connected graph is the maximum distance between pairs of its vertices. Very
recently, Guo et al. [9] determined the graphs with the largest and the second largest spectral
radius among all trees with n vertices and diameter d. Guo and Shao [6] characterized the first
L%J + 1 trees with n vertices and diameter d ordered according to their spectral radii. Guo [8]
determined the graph with the largest spectral radius among all unicyclic graphs with n vertices
and diameter d.

In this paper, we study the spectral radius of bicyclic graphs with n vertices and diameter d, and
determine the graph with the largest spectral radius among all bicyclic graphs with n vertices and
diameter d. As an application, we give first three graphs among all bicyclic graphs on n vertices,
ordered according to their spectral radii in decreasing order.

2. Preliminaries

Denote by C,, and P, the cycle and the path, respectively, each on n vertices. Let G — uv
denote the graph that arises from G by deleting the edge uv € E(G). Similarly, G + uv is
the graph that arises from G by adding the edge uv ¢ E(G), where u,v € V(G). For v €
V(G), N(v) denotes the set of all neighbors of vertex v in G, and d(v) = |N(v)| denotes the
degree of vertex v in G. A pendant vertex of G is a vertex of degree 1. A pendant edge is
an edge with which a pendant vertex is incident. For a real number x, we denote by |x|
the greatest integer <x, and by [x] the least integer >x. We denote by %, 4 the set of all
bicyclic graphs with n vertices and diameter d. Let C, and C,; be two vertex-disjoint
cycles. Suppose that aj is a vertex of C, and a; is a vertex of C,. Joining a; and a; by a
path ajas - - - a; of length [ — 1 results in a graph B(p, [, q) (Fig. 1) to be called an co-graph,
where / > 1 and [ = 1 means identifying a; with a;. Let P41, Py and P, be three vertex-
disjoint paths, where [, p, g > 1 and at most one of them is 1. Identifying the three initial
vertices and terminal vertices of them respectively results in a graph P(l, p, ¢) (Fig. 2) to
be called a 6-graph. Obviously %, 4 consists of two types of graphs: one type, denoted by
,%’Z?d, are those graphs each of which is an co-graph with trees attached; the other type, de-
noted by 932’ 4 are those graphs each of which is a 6-graph with trees attached. Then %, 4 =
B UH, .

In order to complete the proof of our main result, we need the following lemmas.
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Fig. 1. B(p,l, q).
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Fig.2. P, p,q).

Lemma 1 [16,12]. Let G be a connected graph and let p(G) be the spectral radius of A(G).
Let u, v be two vertices of G. Suppose vy, v2,...,vs € NW\Nw)(1 <5 <dW)) and x =
(x1, X2, ..., Xy) is the Perron vector of A(G), where x; corresponds to the vertex v; (1 <i < n).
Let G* be the graph obtained from G by deleting the edges vv; and adding the edges uv; (1 <
i <8).Ifx; = xy, then p(G) < p(G*).

By Lemma 1, we obtain easily Lemmas 2 and 3 which may be regard as immediate conse-
quences of Lemma 1. Since their proofs are similar, we only give the proof of Lemma 2.

Lemma 2. Let G be a connected graph and let e = uv be a non-pendant edge of G with N (u) N
N(v) = @0. Let G* be the graph obtained from G by deleting the edge uv, identifying u with v,
and adding a pendant edge to u(= v). Then p(G) < p(G*).

Proof. We use x, and x, to denote the components of the Perron vector of G corresponding
to u and v respectively. Suppose that N (1) = {v, v1, ..., vs} and N(v) = {u, u1, ..., us}. Since
e = uv is a non-pendant edge of G, it follows that s, r > 1. If x, > x,, let

G =G —{vuy,...,vu}+ {uuy, ..., uul.
If x, < xy, let
G’ =G —{uvy,...,uvg} + {vvy, ..., vvg}.

Obviously, G* = G’ = G”. By Lemma 1, we have p(G) < p(G%).
This completes the proof. [

Lemma 3. Let G, G', G” be three connected graphs disjoint in pairs. Suppose that u, v are two
vertices of G, u’ is a vertex of G' and u" is a vertex of G”. Let G| be the graph obtained from
G, G', G" by identifying, respectively, u with u’ and v with u”. Let G, be the graph obtained
from G, G', G" by identifying vertices u, u', u”. Let G3 be the graph obtained from G, G', G by
identifying vertices v, u’, u”. Then either p(G1) < p(G3) or p(G1) < p(G3).

Let G be aconnected graph, anduv € E(G). The graph G, , is obtained from G by subdividing
the edge uv, i.e., adding a new vertex w and edges wu, wv in G — uv. Hoffman and Smith define
an internal path of G as a walk vgvy - - - vs (s > 1) such that the vertices vy, v1, .. ., v, are distinct,
d(vo) > 2,d(vs) > 2,and d(v;) = 2, whenever 0 < i < s (note, s is the length of the path). An
internal path is closed if v9 = vs. They proved the following result.
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Fig. 3. W,.

Lemma 4 [10]. Let uv be an edge of the connected graph G on n vertices.

(1) If uv does not belong to an internal path of G, and G # Cy, then p(Gy ) > p(G).
@11) If uv belongs to an internal path of G, and G #+ W,,, where Wy, is shown in Fig. 3, then
p(Gup) < p(G).

Lemma 5 [4]. The characteristic polynomial of P, satisfies the expression

P(Pas 1) = -t

1
74 4(x1 -5

where
1 1
X1 = E(A+\/A2—4) and x7 = z(k— )@—4)
are the roots of the equation x> — ix + 1 = 0.

Lemma 6 [11,6]. Let u and v be two adjacent vertices of the connected graph G with d(u) > 1
and d(v) > 1. For non-negative integers k and l, let G(k,l) denote the graph obtained from
G by adding pendant paths of length k at u and length l at v. If k > 1 > 1, then p(G(k,1)) >
p(Glk+1,1—1)).

Lemma 7 [11,6]. Let G be a connected graph, and G’ be a proper spanning subgraph of G. Then
p(G) > p(G") and $(G'; 1) > ¢(G; A) for all A > p(G).

The following two results are often used to calculate the characteristic polynomials of graphs.

Lemma 8 [4,14]. Let e = uv be an edge of G, and C (e) be the set of all cycles containing e. The
characteristic polynomial of G satisfies

$(GA)=¢(G—e:d) —¢(G—u—vi i) =2 Z ¢(G\V(2); A).

ZeC(e)

Lemma 9 [4,14]. Let u be a vertex of G, and let C(u) be the set of all cycles containing u. The
characteristic polynomial of G satisfies

PG =G —u )= Y $G—u—vi1)=2 Y HG\V(Z):h).

veN (u) ZeC(u)

As usual, we assume that the characteristic polynomial of an empty graph is equal to 1. Let
d > 2and?2 < i < d. Wedenote by P;H (7) the graph obtained from a path Pyy1 : v1v2 - - - V441
and isolated vertices vg42, ..., v, by adding edges vjvg42, ..., viv,. Denote by PdV +V1 (i) the
graph obtained from P; 1 (i) by adding edges vg4+2v4+3 and vg44V4+5, by PdAfl (i) the graph
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obtained from P +1(?) by adding edges v;—jv4+2 and V443444, by PdAf] (i) the graph obtained

from P; 1 (?) by adding edges v; 1 v4+2 and vj41v4+3, and by P;Zrl (i) the graph (Fig. 7) obtained
from P;H (i) by adding edges v;—1v, and v;i41vy,.

Lemma 10. Let d > 3. Then p(P5 () = p(PY (D) = p(P)Y (i) with the first equality if

and only if i = d and the second equality if and only if i = 2.

Proof. Clearly, P14 (d) = PV (d), PV (2) = P} (2). Denote by Py} | (i) the graph obtained
from P, (i) by adding edge v;—1vg+2.
For2 < i < d, applying Lemma 8 to edge v;1vg43 of PdAJrA1 (7) and edge v44+3V4+4 Of Pdﬁvl @)
respectively, we have
PP () 2) = G(Py (D 1) — G (PER () = Vit — Va3i 1)
— 20" (P M@ (Pa—i 1),
PP () 2) = G(Py () 1) — d (P (1) — Vaes — Varai 1)
— 20" (P MG (Pa—ie1s 1),
Note that PdAJFA1 (i) — vi+1 — vg+3 is a proper spanning subgraph of PHIAJFV1 (i) — vg4+3 — V444, and
K1 U P;_; is a proper spanning subgraph of P;_; 1. By Lemma 7 we have
PP () 2) — § (PG (1); 1)
= (PR () = vie1 = Va3 1) — G(PE (D) = Va3 — varas 1)

+ 20 (P MAD (Pa—is ) — d(Paiv1; D] > 0

forall & > p(PL.Y (D). Thus p(PR5 () > p(PY (D).

For3 < i < d, applying Lemma 8 to edge v;_1vg47 of PdAJrv1 (i) and edge vg42v443 of Pdvfl @)
respectively, by similar reasoning as above, we have

P(PYY(0); ) — p(PAY () 1)
= ¢(PLY () — vict — vag23 &) — G(PIN () — Vasa — vas3 A)
+ 2072 — D) (Pa—itrs MIAG(Pi2; A) — (P13 A)] > 0

forall o > p(P)Y| (D). Thus p(PLY (D) > p(P).Y (D).
This completes the proof. [

Lemma 11. Let G1(i), G2(i) and P5+l(i), shown in Figs. 4-6, belong to %, 4. Then

p(G1(@) < p(Ga(@) < p(PL, (D)),
and the equality holds if and only if i = 2.

c. —e

Ud Vd+1

Vd+2 Un-—3

Fig. 4. G1(i).
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Un—2 Un—1
U1 U2 U\ Vd Vd+1
Vd+2 Un-3
Fig. 5. Go(i).
Un—1
V1 U2 Uz Vd Vd+1

UnVd+2 Un—2
Fig.6. PY_ ().
Proof. Applying Lemma 8 to edge v,_>v,—1 of G(i) and edge v;v, of G, (i) respectively, we
have
#(G1(0); A) = ¢(G1(i) — vy—2Un—1; A) — ¢(G1(i) — Vp—2 — Vp—1; M)
=2¢(G1(i) —vn—2 — Vn—1 — Vi; A) = 2¢(G1(i) — Up—2 — Up—1 — Un3 A),
D (G2(i); A) = $(G2(i) — vivg; A) — @ (G2(i) — vi — vp5 A)
=2¢(G2(i) —vi —vp — Vp—2; A) — 2¢(G2(i) — Vi — Uy — Un—1; ).
Note that G (i) — v,—2v,—1 = G2(i) — v;v, and
G1() —vp—2 — vp—1 — Vi = G2(i) — vi — Uy — Vp—2.

Alsonotethat G2 (i) — v; — vy, G2(i) — v; — v, — v,—1 are proper spanning subgraphs of G1 (i) —
VUp—2 — Up—1, G1() — v,—2 — vy,—1 — v, respectively. By Lemma 7 we have

$(G2(i) —vi —vp; &) > P(G1(i) — Vp—2 — Vp—15 A)
forall A > p(G1(i) — vy—2 — v,—1) and

@(G2() —vi —vp —Up—15A) > d(G1(i) —Vp—2 — Vp—1 — U3 A)

forall A > p(G1(i) — vy—2 — vy—1 — vp,). These imply that ¢ (G1(i); A) > ¢(G2(i); A) for all
A 2= p(G1()). Thus p(G1(i)) < p(G2(i)).
Clearly, G2(2) = P5+1(2). For 3 < i < d, applying Lemma 8 to edge v,_2v, of G,(i) and

edge v;_1v, of Pde +1(i ) respectively, we have
P (G2(i); 1) = ¢(Ga(i) — Up—2Up; 1) — ¢(G2(i) — Vg2 — Vn3 A)
— 2B G (P WP (Pacig; A) — 24749 (P15 M (Paigns 1),
(P (D)) = ¢(PY, (D) — vi1vps &) — @(PYL (i) — viey — s A)
— 22 (Pia; MG (Pa—iets M) = 20" 9 (Pioas W (Pa—is1; 1),

Applying Lemma 8 to edge v,—1v, of G2(i) — v,—2v, and edge v;_jv,—1 of Pg+l(i) — Vi_1VUp
respectively, by similar arguments to the proof of Lemma 10 we can show

¢(G2(i) — Va—zVni 1) > $(PY, (i) — vi—1va 1)
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Un
U1 V2 Uy Vd Vd+1
Vd+2 Un-—1

Fig. 7. Pf ().
Un
—. PR
v1 U2 i/l N\, Vd Vd+1
Vd+2 Un—1
Fig. 8. G3(i).

for all A > p(G2(i)). Note that P +1 (i) — — v, is proper spanning subgraph of G, (i) —
Up—2 — Uy. By Lemma 7 we have
¢(Pa’+1(l) — Vs A) > ¢(G2(i) —vp—2 — Ups M)

for all A > ,o(Gz(z) — Up—2 — V). Moreover, since Ap(Pi—2; A) — ¢ (Pi—1; M) = ¢(Pi—3; A) >
Oforall A > p(G;(i)) > 2, it follows that

202G (Pi_y M (Pa—ie1s A) > 20" 3¢ (P_1; M (Pa—igr M)
and

2B G (P MG (Pa—i1s M) > 204 (Pi_ 13 M@ (Pa—igrs 1)
for all A > p(G2(i)). These imply that

B (G2(i); 1) > $(PY 1 (0); h)

forall A > p(G2(i)), Thus p(G2(i)) < p(Pf, ().
This completes the proof. [

Lemma 12. Ifn > d + 4 and d > 4 is even, then p (Pd+1 (#)) <p (Pd+1 (#)) .

Proof. Let a = “5=. Denote Pz?+l (d+4) by G(a +1,a), and Pd (%) by G(a,a + 1).
Applying Lemma 9 several times we have

d+4 d+2
(7 (15) 3) -0 1 (452) )
=¢(Gla+1,a); L) —dp(G(a,a+1); 1)
=2 (G(a,a); \) — p(Gla — 1,a); 1) — rp(G(a, a); &) + ¢(G(a,a — 1); 1)
=¢(Gla,a—1);0) —¢(Gla—1,a);2) =--- = ¢(G(1,0); 1) — ¢(G(0, 1); 1)
=2 (G(0,0); 1) — ¢(K1n—a—1; ») — Ap(G(0,0); 1) + A"~ 3p (K123 4) > 0

forall 2 > o (Pl (452)) . Thus p (PL,, (452)) < o (P2 (452))-
0

This completes the proof.

Lemma 13. [fn > d +3and2 <i—2<d —i+1,then p (PJ, (i) < p (Pf,()).
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b
V1 V2 v U\ a Vd Vd+1
Fig.9. Gt.

Proof. Applying Lemma 8 to edge v;_jv, of Pg +1(i ) and edge v,v;+1 of P;H(i ), and then
applying Lemma 9 to the highest degree vertices of P5+1(i) —v;_1 — vy and P;Zrl @) — vy — Vig1
respectively, we have
¢ (P ():2) = d(PL () 1)
= 2" G (Pi s M (Py—i—1: ) + A" 420 — (n — d — 2)]
X [@(Pi—1; M) (Pa—i; A) — ¢ (Pi—2; M)P(Pa—it1; )]

Casel.i —2 <d —i+ 1. Applying Lemma 9 several times, we have further
G (Pi—1; MNP (Pa—is A) — d(Pi—2; V)P (Pa—i+1; 1)
= [Ap(Pi—2; 2) — ¢(Pi—3; V)] (Pa—i; ) — ¢(Pi—2; M)A (Pa—i; A) — ¢ (Pa—i—1; M)]
G (Pi—2; MO (Pa—i—152) — ¢(Pi—3; M) (Pa—i; A)
= = Q(Po; MNP (Py—2i+3; A) — AP (Pa—2i+4; A)
= AP (Pa—2i+2; }) — ¢(Pa—2i43; A) = ¢(Pa—2i+1; ) = 0

for all A > p(Pg—2i+3). It follows that
$(PL1 () 2) = (P (D:2) > 0
forall A > p(PY, (i) > v/n —d + 1. Thus p(PY, (i) < p (P, ().

Case2.i —2=d — i+ 1.Thend — 2i + 3 = 0. Similarly to Case 1, we have

G (Pi—1; )P (Pais \) — p(Pi—2; M (Pa—it1; 2) = ¢p(Pai 1) — 12 = —1.
From Lemma 5 we can easily get that ¢ (Py; A) is equal to W after putting A = 2 cosh(6).
Making use of this fact, we easily get that ¢ (P;_2; A)p(Py—i—1;A) = AZ, for A > 2 and d —
i +1 > 3 (follows from the fact that sinh(2x) = 2 sinh(x) cosh(x) and that cosh and sinh are
increasing functions in the interval [0, c0)). Combining the above arguments, in this case we have

$(Pgi1(): ) = d(Pf (D): 1)
= MTIP2¢ (P Vg (Pa—i—1;0) — 2> =20 +n —d — 2]
>AIB0A2 2 —2h+n—d—2] :)\”*d73()\2—2)\+n—d—2) >0

forall A > p(PY, () > v/n—d + 1> 2. Thus p(PY, (D)) < p (P, ().
This completes the proof. [

Lemma 14. Letd > 3 andn > d + 3. Then p(G3(i)) < p (P;Zrl(i)) )

Proof. Leta =i —2,b=d —iand Go(i) = G3(i) — {vg+2, .., Uy—1}- Applying Lemma 9 to
vertices vg42, . . ., Up—1 of G3(i) and to vertices vg42, ..., Uy—1 Of Pj T (i) respectively, we have



S.-G. Guo / Linear Algebra and its Applications 422 (2007) 119-132 127

$(G3(D); 1) = A" 72¢(Go(i); 1) — (n —d =X~ 3G(Py; Mp(A — Pus 1),
B(P ()i h) = 2"20(Go(i): 1) — (n —d — X" (Payrs 1),
where A — P, is the graph obtained from a cycle C3 : ujusu3z and a path P, by joining u3 and
an end vertex of P,. Applying Lemma 9 to v,43 of Py4+1 and u1 of A — P, respectively, we have
¢ (G3(); ) — ¢(P,(0): 4)
= (n—d =N [G(Pag1s 1) — ¢ (Po; MG(A — Py; 1)]
= (n—d — 22" [0 A+ 20 (Pas WP (Pos 1) — ¢ (Pasyas D (Po—1: V).
From this we can see that it is sufficient to show for all A > p(G3(i))
A +2)p(Pa; V)P (Po; &) — ¢ (Pay2; M@ (Pp—135 1) > 0.
By Lemma 5, we have x| 4+ x5 = A, x1xp = 1 and
A +2)¢(Pa; 1)P(Pp; 1) — ¢ (Pag2; M@ (Pp—15 )
1
= S [+ +2) (! =) (7T =) = (6 - ) (6 - )]

A2 —4
1
— a+3 b b a+3 a+2 _ b+1 b+1 a+2
=7 4[2x1 —|—2x2 —l—x1 +x2 —l—xl Xy Fxixy = x T, — XXy
a+1 b+2 b+2 a+1 a+1 b+1 b+1 a+1
| =g =2 g

Since p(G3(i)) > &/n —d + 1,itfollows that x; > landx; > Owhen X > p(G3(i)).Letr > 1.
It is easy to see that function f(x) = r* + r~* is increasing strictly on interval [0, +00). We

consider the following two cases.
Case 1. a >b— 1. Since a+b =d — 2, it follows that d — 1 >a — b+ 1. For all A >
p(G3(i)), by x1x2 = 1 we have further

A +2)p(Pa: M)@(Py; 1) — ¢ (Pag2; WP (Pp—15 1)
1

_ d—1 a—b+3 a—b+3
=2 4[2x1 —|—2x2 —l—x1 +x2 + x] + x5
x4 —b+1 a—b+1 a—b—1 a—b—1 a—b a—b
X — X5 - X — X5 —2x]77 = 2x; ]
1 d-1

= k2_4[2(xii+xl_ )—Z(Xf b_|_x1 (a— h))+(x1 +x; —(d— 1))

_ (xiz—b-i-l +x1 (a— b+1)) + (xiz—h+3 +x1—(a—b+3)) _ (xiz—b—l +x1—(a—h—l))] - 0.

Case 2. a < b — 2. By x1x2 = 1 we have further

A +2)p(Pa; M)@(Py; 1) — ¢ (Pag2; NP (Pp—1; 4)

1 b—a—3  _b—a—1 , b—a—3  _b—a—1
=5 4[2x1 I o T O 1 —X]

b—a+1 _ b—a+l b—a b—a

x2 x| —2x —le ]

4[2[(Xf1 ) — (b O a))] [(xb—et! et
3

(xi’ T TN [ ) = (D))
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Bya+b=d—2,wehaved — (b —a) =2a+2>2. Forr > 1,since f"(x) = (Inr)>(r* +
r=*) > 0 for all x in [0, +00), it follows that f(x) is concave up on (0, +00). Therefore
fdy—fb—a)>fb—a+1)—fb—a-1),
fd—fb—-—a)>fb—-—a-1)— f(b—a-3)
and so
QAfd—-fb-a)l>fb—a+1)— f(b—a-=3).
This implies that
A(cf +x7) = (7 )] = (T g D) (e )
for A > p(G3(i)). Hence, for all A > p(G3(i)), we have
A +2)¢(Pa; )P (Py; A) — ¢(Pat2; )P (Pyo—15 A) > 0.
Combining Cases 1 and 2, the proof follows. [

Lemma 15. Leti —2 > d — i 4+ 2. Then p (P}, (i) < p(P/ (i — D).

Proof. Leta =i —2and b = d — i. Denote P;'H(i) by G (a, b). Similarly, denote Pjﬂ i—1

by G(a — 1, b + 1). Applying Lemma 9 several times we have
$(Plar () 4) = ¢(Ply (0 = 1); 4)
=¢(Ga,b);A) —p(Gla— 1,0+ 1); 1)
=Arp(Gla—1,0);0) —¢(Gla—2,b0); 1) —rp(G(a —1,b); 4)
+¢(Ga—-1,b—1); 1)
=¢(Gla—-1,b—-1);4) —¢(Gla—2,b); 1)
=--=¢(Ga—0,0;2) —¢(Gla—b—1,1); 1)
=224 2P (Pacp-23 1) > 0

forall A > p(Pf, (). Thus p (P}, () < p(Pf (i — 1)).

This completes the proof. [
3. Main results
Theorem 1. Letn > d +4and G € % q4.If d > 4, then

p(G) < p (Pdil Q%J»

with equality if and only if G = P;‘H (L#J) ;ifd =3, then p(G) < p(Pf(3)) with equality
ifand only if G = P} (3).
Proof. Choose G € %, 4 such that the spectral radius of G is as large as possible. Denote the

vertex set of G by {vy, v, ..., v,} and the Perron vector of G by x = (xy, x2, ..., x,), where x;
corresponds to the vertex v; (1 < i < n). We first prove the following fact. [J
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Fact 1. There is not an internal path of G with length greater than 1 unless the path lies on a cycle
of length 3.

Proof. Assume, on the contrary, that Py41 : v; V41 - - - Vi+k is an internal path of G with length
k > 2 and Py does not lie on a cycle of length 3. Let G’ = G — {v;vi+1, vi+1Vi+2} + {viviq2}.
If the diameter of G’ — v; 4] is d, it is easy to see that there is v € V(G’ — v;4+1) such that
G* = G’ + {vvit1} € By 4. If the diameter of G’ — v; 4 is d — 1, then any shortest path of G
between two vertices with length d contains v;v;41 - - - vy as a part. Let v be an initial vertex of
such a path and let G* = G’ + {vv; 41}, then G* € %, 4. By Lemmas 4 and 7, in both cases we
have p(G*) > p(G), a contradiction. This completes the proof of Fact 1. [

Let P;41 be a shortest path between two vertices of G with length d. Since %, 4 = ,@,‘fd U

%’Z. 4» it follows that G € %Z‘fd orG e %Z’ 4- Now we distinguish two cases to determine G.

Case 1. Suppose that G € ,@Zf’d. Let B(p, [, q) be the oo-graph in G. We first prove that
[V(Pyr1) NV(Cp)| = 1or|V(Pgy1) NV(Cy)| = 1. Assume, on the contrary, that |V (Pyy1) N
V(Cp)| =0and |V(Pyy1) N V(Cy)| =0. Let Py : ujus - - - uy be a shortest path such that u; €
V(Py+1) and uy € V(Cp) UV(C,). Then k > 2. Applying Lemma 2 to the edge ujuz, we
get a graph G* € %’,‘fd with p(G*) > p(G), a contradiction. Hence |V (Py4+1) NV (Cp)| 2 1
or [V(Pay1) N V(C] > 1.

Let V! = V(P;11) UV (B(p,1,q)) and G’ = G[V'] be the induced subgraph of G. Then G
is G’ with some trees attached. Applying Lemma 2 to the non-pendant edges, we can similarly
prove that all these attached trees are stars with centers in V’. That is to say that G is G’ with
some pendant edges attached. Applying Lemma 3, we can further prove that all these pendant
edges are attached at the same vertex of G'.

From Fact 1, we can see that p = g = 3. Let Py41 : V1 -+ Vj -+ Vjys -+ - Ug+1, Where vj i €
V(B(p,l,q)),k=0,1,...,s. We claim that the path a; - --a; in B(p, [, q) lies on P;41. Oth-
erwise, if [ > 2, we may assume ajay ¢ E(Pyy1). Applying Lemma 2 to ajaz we get a graph
G* € #,°, with p(G*) > p(G), a contradiction. If / = 1 and a; ¢ V (Pg+1), applying Lemma
3 to a; and v; we get a graph G* € ,@;fd with p(G*) > p(G), a contradiction. Hence the path
ai - - - aj lies on Py41. We distinguish the following four cases.

Subcase 1. |V (Pyy1) N V(Cp)| = |V (Pay1) NV (Cy)| = 1. Applying Lemma 3, we have
G = PdV +V1 (i). This contradicts Lemma 10.

Subcase 2. |V (Py11) NV(Cp)| =2 and [V (Pg41) N V(Cy)| = 1. We may assume that
vi—1v; € E(Cp) and v; € V(C,;). By Lemma 3, all the pendant edges, not lying on Py, of
G must be attached at v;. So we may further assume that i < j. By Fact 1 we have j <i+ 1.
If j =i+ 1, applying Lemma 1 to v; and v;41, by similar reasoning as the proof of Lemma
2 we can obtain a graph G* € 4%, such that p(G*) > p(G), a contradiction. Thus j =i, and
so G = PdAJrV] (7). This contradicts Lemma 10 when 2 < i < d. For i = d, it is easy to see that
PLY(d) = PJfi(d). Applying Lemma 1 to vertices vg— and vg41 of P} (d), we have either
p(PRA () < p(PY, (2)) or p(PR(d)) < p(PY, | (d)), a contradiction.

Subcase 3. |V (Py11) NV (Cp)l =1 and |V (Py41) N V(Cy)| = 2. By similar reasoning as
Subcase 2, we can obtain a contradiction.

Subcase 4. |V (Py11) N V(Cp)| = |V (Pay1) NV (Cy)| = 2. We may assume that v; v; €
Cp,vjvjy1 € Cy,and j > i. By Fact 1, we have either j <i+1lorj=i+2,d(viy1) > 2.1f
j=i+1l,orj=i+2,dwi+1) > 2, applying Lemma 1 to vertices v; and v;;| we can obtain
a graph G* € 4%, such that p(G*) > p(G), a contradiction. Thus j = i. Applying Lemma 1 to
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vertices v;_ and v;4| we can obtain a graph G* € .@Z’d such that p(G*) > p(G), a contradic-
tion.

Case 2. Suppose that G € ;932, 4- Let P(l, p, q) be the 0-graph in G. By similar reasoning as
Case 1, we can prove that |V (Py+1) NV (P, p,q))| = 1. Let V' = V(Py11) UV (P, p, q))
and G’ = G[V’] be the induced subgraph of G. By similar reasoning as Case 1, we can further
prove that G is G’ with some pendant edges attached at one vertex. This implies that at most 5
vertices of G have degree greater than 2.

By the definition of P (I, p, q), we have that/, p, g > 1 and at most one of them is 1. Without
loss of generality, we may assume that/ < p < g. We claim that/ = 1 and p = ¢ = 2. Indeed,
if I > 2, by Fact 1 and the fact that at most 5 vertices of G have degree greater than 2, we have
| = p = g = 2 and the two vertices of degree 2 of P(l, p, g) lie on P41, the third vertex, denoted
by w, of degree 2 of P (I, p, g) is attached by some pendant edges. Applying Lemma 2 to aw in G
(a is as given in Fig. 2), we obtain a graph G* € 932, 4 such that p(G*) > p(G), a contradiction.
So [ = 1. Similarly, by Fact 1 we can show that p < ¢ < 3 and that if ¢ = 3 then p =2. If
g = 3, denote P, : auvb, where a and b are shown in Fig. 2. By Fact 1, we have d(u) > 2
and d(v) > 2. In the case when neither au nor vb lies on Py, applying Lemma 2 to bv, we
obtain a graph G* € ,@Z’d such that p(G*) > p(G), a contradiction. So we many assume that au
lies on Py4 1. If neither uv nor ab lies on P41, applying Lemma 2 to bv, we obtain similarly a
contradiction. Otherwise, G must be the graph G shown in Fig. 9. Apply Lemma 1 to u and
v, we obtain a graph G* € %)Z,d such that p(G*) > p(G), a contradiction. So, in further, / = 1,
p=q=2.

Subcase 1. |V (P;4+1) N V(P(, p,q))| = 1. Applying Lemma 3, we can prove that G = G (i)
or Gy(i). By Lemma 11 we have G = G3(2) = Pg+l(2). Since d > 3, by Lemma 6 we have

0(G2(2)) < p(P5+1(3)), a contradiction.

Subcase 2. |V (Py1) N V(P(, p,q))| = 2.If oneedge of P, or P, lies on Py, we may
assume that P, : aub and au lies on Py 1. Applying Lemma 1 (and Lemma 6, if necessary) to
u and b we can obtain a graph G* € %’z_d such that p(G*) > p(G), a contradiction. If Py lies
on P, 1, by Fact 1, Lemmas 1 and 2 we can similarly prove that all the pendant edges, not lying
on P;1,of G must be at one of a and b. That is to say that G = PgJrl (i). Ford > 5, by Lemmas

6, 12 and 13, we have further

o eo(r(452]) (e (£22))

a contradiction. For d = 4, applying Lemmas 6 and 9, by direct calculation we have ,0(P59 2)) <
p(PY(3)) < p(P5"(3)), and by Lemma 13 we have p(P¢ (4)) < p(P¢(3)) < p(P5F(3)). That s
to say that p(P59 (i) < ,o(PSJr (3)), a contradiction. For d = 3, by Lemma 9 we have ,O(Pf 2)) <
p(P{(3)). Hence G = P{(3).

Subcase 3. |V (Py4+1) N V(P(, p,q))| = 3. Then G must be Go(i) (see Lemma 14) with
n —d — 2 pendant edges attached at v;, where 2 < i, j < d. By Fact 1 we may assume that
i< j<i+2If j=i+2, applying Lemma 1 to v; and v;_;, we can obtain a graph G* €
932,(1 such that p(G*) > p(G), a contradiction. So G must be P;H (i) or G3(i) for some i. By
Lemma 14, we have G = Pd++1(i). By Lemma 15, we have further G = PJ‘Jrl (L%J) For

d = 3, applying Lemma 9, by direct calculation we have ,o(P‘;|r ?2)) < ,o(Pf (3)), a contradic-
tion.
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Combining Cases 1 and 2, we have G = P;+l (L%J) ford >4 and G = P49 3) ford =
3.
This completes the proof. [l

+1
to see that P3VV(2) and P3+ (2) are all bicyclic graphs with n vertices and diameter 2. Applying
Lemma 9, by direct calculation we can show whenn > 9
p(PF(2) > p(PyY (D) > p(P(3)) > p(PS(3)).
Combining these inequalities and Theorem 1, we have the following two corollaries.

By Lemma 6, we have p <PL;|r (L#J)) <p (Pj (L#J))ford > 5. Moreover, itis easy

Corollary 1. Let d > 4, and G be a bicyclic graph on n vertices with diameter not less than d.

Then
d—+2
p(G)g;o(PJHQ—; D)

and the equality holds if and only if G = P;—H (L%J) .

Corollary 2. Let n > 9. The first three graphs among all bicyclic graphs on n vertices, ordered
according to their spectral radii in decreasing order, are P3+ 2), P3vv 2) and Pf 3).
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