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Overview
Theseare slidesbasedon a presentationat the University of
North Texas, in Augustof 2001. The aim wasto provide an
overview of classicalmetric MDS, openinga discussionon
how theprocesscouldbeadaptedfor largedatasets.I’m grate-
ful to J. DouglasCarroll who provided the initial suggestions
andpointers,andto Michael Trossetwho provided codeem-
ploying abetteralgorithmthantheoneI hadproposedto adopt.
Any errorsor mischaracterizationsaremy responsibility.
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Whatis MDS?
Given a setof proximities pi j for m objects,computecoordi-
natesin n dimensionsfor the objects,suchthat the Euclidean
distancesin thenew coordinatespaceareamonotonicor linear
functionof theproximities.

A small exampleserves to illustrate: reconstructa two-
dimensionalmap of the US from a set of distancesbetween
variouscities.� Bostonto Phila268miles� Bostonto Chicago856� Philato Chicago668� Bostonto Tampa1182



4� Chicagoto Tampa1001� Philato Tampa931� Bostonto Dallas1551� Chicagoto Dallas798� Philato Dallas1300� Tampato Dallas915� Bostonto SanFrancisco2708� Philato SF2530� Chicagoto SF1863



5� Tampato SF2407� Dallasto SF1493

B C D P S T
B 0 856 1551 268 2708 1182
C 856 0 798 668 1863 1001
D 1551 798 0 1300 1493 915
P 268 668 1300 0 2530 931
S 2708 1863 1493 2530 0 2407
T 1182 1001 915 931 2407 0
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Scalarproductvs. Euclideandistance
RecallthatL2 (conventional,straightline distance)generalizes
thePythagoreantheorem:

di j
� �

n

∑
k � 1 � xik � x jk � 2 � 1

2

L2 is a relationbetweentwo vectorsindependentof any origin
– you cantranslatea setof vectorsin spacewithout changing
thedistancebetweenany two of them.
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Scalarproductvs. Euclideandistance
The scalarproductis a relationbetweenthreevectors(or be-
tweentwo with respectto someorigin — it containsmorein-
formation).

bi j
� n

∑
k � 1 � xik � x jk �

The scalarproductcanbe understoodasa similarity measure
betweentwo object vectors: the more featuresthey have in
common(andthehigherthescoreson thosecommonfeatures)
thehigherthesimilarity valuewill be. But thoseinnerproduct
scoresarenot invariantundertranslationof theorigin. That’s
why wesayits a relationbetweenthreevectors.
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Application
Imagineanobjectby featurematrix. Multiply thematrixby its
transposeandyou’d getanobject-objectscalarproductmatrix.
ClassicalMDS proceedsasfollows:

1. Take our proximities as the target distancesin the new
space(aftertransformations).

2. Convert the objectby objectdistancesinto scalarprod-
ucts,by selectinganorigin anddouble-centering.

3. Factor the inner productmatrix into two new objectby
dimensionmatrices.
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Step1: transformproximitiesinto distances� If theproximitiesareto bedistances,thenthey shouldbe
dissimilarities.� Distancesin a metric spacerespectmetric axioms,and
we’ll have troublelaterif theseaxiomsareviolated:

1. di j 	 0

2. dii
� 0

3. di j
� d ji

4. dik 
 di j � d jk

Various transformationsare possible(suchas addinga con-
stant).
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RunningExample: divide our city distancesby ten, then
squaretheresults:

B C D P S T
B 0 7327 24056 718 73332 13971
C 7327 0 6368 4462 34707 10020
D 24056 6368 0 16900 22290 8372
P 718 4462 16900 0 64009 8667
S 73332 34707 22290 64009 0 57936
T 13971 10020 8372 8667 57936 0
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Step2: Createa scalarproductmatrix
Any point might be selectedas the origin of our space,but
Torgersonrecommendsthe centroidof our objects[4]. If we
conjecturean underlying“true” metric structure,but suspect
thatourproximitieswill haverandomerrors,thenchoosingthe
centroidof the spacewill tendto minimize the errorsasthey
canceleachotherout.

But decidingto make the centroidour origin doesn’t tell
uswheretheorigin actuallyis, just whereit is with respectto
the otherobjects.Luckily, that’s all the informationwe need.
We’re going to obtainour scalarproductsimilaritiesby using
thelaw of cosinesthatrelatesthedistancebetweentwo vectors
to their lengthsandthecosineof theanglebetweenthem.In a
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trianglewith sidesa, b, andc:

a2 � b2 � c2 � 2bccosα

whereα is theanglebetweensidesb andc.
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Recall that the cosineof the anglebetweentwo vectorsis
equalto the scalarproductdivided by the productof the vec-
tors’ L2 lengths.Wehavedi j from ourtransformedproximities.
Thereforewe have all theinformationwe needto computethe
cosinesof theanglesbetweenpointsin our solution(andthus
thescalarproducts,too).
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FromBorg andLingoes[2], chapters16 and18:

bi j
� hih j cosα

d2
i j

� d2
k j � d2

ki � 2dk jdki cosα
dk jdki cosα � 1

2 � d2
k j � d2

ki � d2
i j 

bi j
� 1

2 � d2
k j � d2

ki � d2
i j �

z1 ��������� zm � � � 1
n ∑n

i xi1 ��������� 1
n ∑n

i xim �
bi j

� ∑a
�
xia � za � � x ja � za �

bi j
� ∑a xiax ja � ∑a xiaza � ∑a x jaza � ∑a z2

a

bi j
� � 1

2 � d2
i j � d2�

j � d2
i
� � d2�����

Wherethepointsubscriptmansthatdistancesareaveragedover
their respective indices.
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Thelastequationcanbeexpressedin matrix form as:

B � � 1
2 � I � 1

n
U � D � 2� � I � 1

n
U � � � 1

2
ZD � 2� Z

HereZ is just a shortcutfor I � 1
nU , I is anidentity matrix,

U is an n by n matrix consistingentirely of 1s only andD � 2�
is the matrix with elementsd2

i j. This is what is known as a
“doublecentered”matrix.
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FromI andU wegetthematrix Z � I � 1
nU :

0.833 -0.167 -0.167 -0.167 -0.167 -0.167
-0.167 0.833 -0.167 -0.167 -0.167 -0.167
-0.167 -0.167 0.833 -0.167 -0.167 -0.167
-0.167 -0.167 -0.167 0.833 -0.167 -0.167
-0.167 -0.167 -0.167 -0.167 0.833 -0.167
-0.167 -0.167 -0.167 -0.167 -0.167 0.833
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FromZ andthematrixof squareddistances,wegetthema-
trix of scalarproducts:B � � 1

2ZD � 2� Z. But for roundingerror,
thecolumnsandtherowsshouldsumto zero:

10091 1718 -5388 7678 -15502 1403
1718 671 -1254 1096 -900 -1332

-5388 -1254 3188 -3864 6567 751
7678 1096 -3864 5983 -12894 2001

-15502 -900 6567 -12894 32237 -9507
1403 -1332 751 2001 -9507 6685
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FactoringB into XX �
(Borg andLingoes[2], chapter17) Frommatrix algebrait can
be shown that the decompositionof of a quadraticmatrix A
into the productLDU is unique— thereis exactly onelower
triangular(L) and one uppertriangular(U ) matrix which, in
combinationwith thediagonalmatrix D, generateA.

Scalarproductsaresymmetric.ThusB � B � .
B � LDU � B � � �

LDU � ��
LDU � � � U � D � L �

LDU � U � D � L � � L � U � � U � L � � D � D �
Sofor a symmetricmatrix S, S � LDL � � U � DU . If we split D



19

into D
1
2 D

1
2 then

B � LDL �� LD
1
2 D

1
2 L �� � LD

1
2  � LD

1
2  �� XX �

Notethat if any negativevaluesshow up in D thenD
1
2 and

X will containimaginaryvalues.
Ourgoalof factoringB into LDL � is alsocalled“orthogonal

diagonalization”[3], andis alwaysachievableif we’reworking
with a squaresymmetricmatrix. Onefactoringtechniquewe
canuse1 is calledsingularvaluedecomposition(SVD). From

1MichaelTrossethasshown wecantakeamorescalableapproachusing
thespectraldecompositioninstead.
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Berry, Dumais,andLetsche[1]:
Givenan m by n matrix A where,without lossof general-

ity, m � n andthe rank of A is r, the SVD of A is definedas
A � UΣV � whereU � U � V � V � In andΣ is a diagonalmatrix�
σ1 ����� � σn �!� σi 	 0 for 1 
 i 
 r, σ j

� 0 for j � r � 1. The
first r columnsof theorthogonalmatricesU andV definethe
orthonormaleigenvectorsassociatedwith ther nonzeroeigen-
valuesof AA � andA � A, respectively.

As it turnsout,theorthogonalizationof asquare,symmetric
matrix is aspecialcaseof SVD (SeeGreenandCarroll,chapter
5 [3]). So taking the SVD of B will give us the solutionwe
want.
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Backto therunningexample:Wefactorourscalarproducts
matrix B via SVD, obtainingB � T DT � Here’s T :

-0.413 -0.419 0.509 0.378 0.291 0.408
-0.036 -0.256 -0.546 -0.435 0.529 0.408
0.187 0.399 -0.394 0.694 0.054 0.408

-0.336 -0.207 -0.244 -0.108 -0.779 0.408
0.800 -0.228 0.318 -0.132 -0.151 0.408

-0.202 0.711 0.356 -0.397 0.056 0.408
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And here’s D, thediagonalmatrixof eigenvalues:

49625 0 0 0 0 0
0 9231 0 0 0 0
0 0 46.365 0 0 0
0 0 0 36.25 0 0
0 0 0 0 9.9439 0
0 0 0 0 0 1.1749e-13
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But we want to factorB into the productof two matrices
(not3) sowe take thesquarerootsof thevaluesin D

222.77 0 0 0 0 0
0 96.08 0 0 0 0
0 0 6.81 0 0 0
0 0 0 6.02 0 0
0 0 0 0 3.15 0
0 0 0 0 0 3.4277e-07
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Finally, we multiply T by " D to get our solution X and
B � XX �

-92.009 -40.247 3.4677 2.2772 0.91855 0 b
-8.0208 -24.555 -3.7171 -2.6196 1.6669 0 c
41.588 38.328 -2.6827 4.1763 0.17144 0 d

-74.781 -19.872 -1.6591 -0.65215 -2.4563 0 p
178.19 -21.940 2.1653 -0.79325 -0.47701 0 s

-44.967 68.286 2.4258 -2.3886 0.17646 0 t

The last operationscalesthe coordinatesby the “impor-
tance”of the deriveddimensionsasrepresentedby the eigen-
valuesin D. Noticethatthere’s a largeamountof variability in
thefirst two dimensions(SVD will alwaysextractthemostsig-
nificantdimensionsfirst). Coordinatesandvariability alongthe
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third, fourth,andfifth dimensionsareat leastanorderof mag-
nitudesmallerthantheseconddimension,andthesixthdimen-
sionis reducedto zeroafterrounding.Thisis whatwe’dexpect,
sinceourstartingproximitiesaregeographicdistancesbetween
cities. If we introducedadditionalerror (by usingdriving dis-
tances,for example)thenthethird andsubsequentdimensions
wouldprobablybesomewhatmoresignificant.

Finally, hereis agraphof theobjectsin thefirst two dimen-
sions. They roughly correspondto east-westandnorth-south,
respectively, althoughyouhaveto rotatethefigure180degrees
to seehow thecitieswould fall on amapof theUS.
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