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Chapter 1

Markov Chains: Time reversibility,
recurrence and ergodicity.

1.1 Markov chains, detailed balance condition and re-
versibility.

We begin with n cities (states) and matrix of one-step transition probabilities P = {p(i, 7)}.
If 1 population distribution (in fractions) among the n cities, then after one unit of time,
the population is distributed according to P (p is an n-dimensional vector).

We recall Chapman-Kolmogorov theorem,

pu(i.5) = Pt k)pam (K, ).
k
Thus after n units of time, pP™ is our new distribution.

1.1.1 Markov chains, stationary distributions and reversibility via
traffic flows.

The stationary distribution 7 is defined so that

wP=r & Y w(ip(i.g) = ().
Thus >, 7(2)p(i, j) = 7(5) >, p(J, %), and for any city j,
> m(ipli,j) = 7)Y (i),
i#j i#]

Thus in terms of population traffic, the inflow to the city j is equal to outflow from j, for
each 7. Thus the distribution of population stays unchanged.
The following are the detailed balance conditions (d.b.c.) also called time reversibility:

m(i)p(i,5) = 7(5)p(4, 7).

5
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In other words, for every two cities ¢ and j the traffic in between them is balanced, i.e. the
traffic flow from ¢ to j is equal to the traffic flow from j to 7. It is easy to see that if d.b.c.
are satisfied, the population distribution will not change with time.

Exercise. Show mathematically that if 7 satisfies the detailed balance conditions, then it
is stationary, i.e. 7 satisfies d.b.c. = 7 is stationary.

Exercise. Give a counterexample in order to prove: 7 is stationary #- 7 satisfies d.b.c.

A Markov chain is said to be time reversible if it has a stationary distribution 7 such that
the probability of starting at ¢ and going to 7 in n steps via any given path

e e e e B
is the same as if we were to start at j and go in the reversed order to i:

j—>in_1—>"'—>i2—>il—>i.

In other words, if we reverse the direction of time axis, the same trajectory will have the
same probability. Time reversibility can be used to extend a stationary chain to negative
times.

Theorem 1. The detailed balance condition implies reversibility.

Proof:

Probli — iy — iy — - —iny —j] = w(i)p(i,i1)p(ir,i2) - - - plin-1,])
= p(ir, 1)m(i)p(ix, ig) - - - Plin-1,7)
= p(ig, i1)p(ir, i)m(iz)p(ia, ig) - - - - - P(in-1,])
= 7(J)p(j,in-1) - - pliz,i1)p(is,7)

= Prob[j —i,1 — - — iy — i — 1]

O

Example. Birth-and-death chain States: 0,1,...,.
Probabilities: p(0,1) = py =1 — p(0,0) and

p(J,j+1)=p; and p(j,j—1)=¢;=1—p; forany j=1,2,...

Now, from reversibility we have 7(1) = 27(0),

b1
m(2) = —7(1
() QQ<) 4142
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n(3) = () = 2w (0)

q3 q14243

. pj—lﬂ_(j _ 1) _ Dbop1 - - ~pj—17r(0)’
4j 4192 - - - 4j
and so on. We find 7(0) from 7(0) + (1) +m(2) +--- = 1, but we can do it only if the series

Zp0p1~~pj—1 < 00 .
G192 - - . g

Example. Diamond plus birth-and-death. States: 0,1,1%,...,.
Probabilities: p(0,1) =po=1—p(0,1%) =1 — p,

p(1a2) =p1= 1 —p(l,()), p(1*72) = pj{ =1 _p(l*a())v
p(2,3) =p2, p2,1)=¢q, p(2,1")=¢5 whereps+gq+¢ =1

and p(j,j+1)=p;=1—p(j,j—1) for j =3,4,....

1.1.2 Recurrence.

Let T, be the first time city (site) x is visited.
Definition. State z is said to be recurrent if
Prob[T, < oo | Xo =z] =1,

and otherwise it is called transient.

Definition. A recurrent state x is said to be positive recurrent if
E[T, | Xo=12] <o0;
x is said to be null recurrent if

E[T, | Xo=1] =00 .

If the Markov chain is irreducible and aperiodic, and has a stationary distribution T,
then every site x is positive recurrent and
1
ET, | Xo=12|=——.

m(x)

Let F,, = F(Xo, X1, ..., X;n) denote the history of the process up to time m.
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Definition. A random variable 7 is a stopping time if for any m > 0,
{Tr <m} eF,.

In other words knowing the trajectory of the process up to time m is sufficient to determine
whether {7 < m} occurred.

Thus T, is a stopping time.

Example. Why F,, is a o-algebra?
Consider a collection of independent Bernoulli random variables &1, &s, ... with states 0
and 1, and a Markov chain {X,},,

where Xo=0 and X,=& +& + -+ &,

The history of the process up to time m can be represented by a random binary number

0616285 .- &m = -, 5%, or rather by the half-open interval

[0.&&253 b 0EEsEs . ot 2%) |

We begin with the [0,1) interval. We split it in two halves. If £ = 0 we select the left
subinterval [0, %), and if & = 1 we select the right subinterval [%, 1). The selected interval is
again being split in two: We take the left subinterval if &, = 0, and the right subinterval if
& =1. And so on.

Now after m iterations we arrive with one of 2™ small intervals

1 1 2 2 3 2m —1
Oa_7 am? aom |0 am’am |2 7]-'
bw) ) ) )

Each interval represents one of 2™ possible histories. Thus F,, is the o-algebra generated by
the above intervals, i.e. any event A that is entirely determined by the history JF,, can be
represented as a subset of [0, 1) that is a union of some of these intervals. We write A € F,,,.

Here the stopping time could be the first time 75 the Markov chain {X,}, hits 2. One
can check that the event {T» < 3} corresponds to 0.£;£,€3 being equal to either 0.011, 0.101,
0.110 or 0.111 in base two. Thus

meo-[YUEIUEIUE)»

Definition. Filtration of o-algebras: Fo C Fy C Fo C ... .

1.2 Recurrence and electrical networks.

G.Lawler; Y.Peres; Aldous and Fill;
[Doyle and Snell] is the primary reference (posted on the web). I will rephrase many lines
from Yuval Peres.
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1.2.1 Finite electrical networks.

Yuval Peres: While electrical networks are only a different language for reversible Markov
chains, the electrical point of view is useful because of the insight gained from the familiar
physical laws of electrical networks.

Here each edge e of a finite connected graph (network) G has a conductance value c,

attached to it. We also define the resistance of an edge as the reciprocal value r, = Ci

€

If we define 7(z) = >_ .., ¢z and p(z,y) = Prob[X, 1, =y | X,, = 2] = 7?2”;’) (where
xr ~ y means sites  and y are connected by an edge of GG) to be respectively a probability
distribution and transition probabilities. Then the Markov chain will be reversible (with

respect to 7(+), that can be rescaled by 23 _c. to be a probability distribution):

m(@)p(2,y) = ey = 7(y)p(y, ©).

And vice-versa, if the Markov chain is reversible with stationary distribution 7, the
conductance ¢, can be defined as above. Thus the reversibility allowes us to represent the
Markov chain {X,,} as a random walk on a weighted graph with weights {c.}..

Example. Simple random walk on G. There c¢,, = 1 for z ~ y and therefore p, , = 7= —

deg (x)
for x ~ y.

Example. Chess knight random walk.

Aldous and Fill: Start a knight at a corner square of an otherwise-empty chessboard. Move
the knight at random, by choosing uniformly from the legal knight-moves at each step. What
s the mean number of moves until the knight returns to the starting square? Solution: we
let the conductance between sites that are knight-move away from each other to be = 1.
Thus ), c. will be equal to the number of edges in the graph |£] = 168 and 7 (z) = de%é‘z).
Since we began the knight walk at a corner site v with deg (v) = 2,

1
m(v) = — and E[TU|X0:7J]:%:|8|:168.

We fix two nodes (vertices) a and b to be the two poles of the electrical network. Let T,
be the first time the Markov chain {X,,} arrives to a, and similarly, let T}, be the first time
the Markov chain arrives to b. Then {7, < T}} is the event that the Markov chain hits a
before it hits b. Suppose we are given the voltage values, V, > V}, at a and b. Then for
the rest of the vertices, we define the voltage as

V, = Vi + Prob[{T, < Ty} | Xo = 2] - (V) — V3).

Here Prob[{7T, < T} | Xo =z] = “2%“2 the expression that one obtains when h(x) =V, is

a harmonic function of = and h(X,,) is a martingale. Please keep this connection in mind
when we soon cover some of the martingale theory.
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Indeed h(x) =V, is harmonic:

S ple,y)hy) = h(z)

since Y, p(z,y)Prob[{T, < T;} | Xo = y|] = Prob[{T, < T}} | Xy = z].
Now, given a voltage V' on the network, the current flow associated with V' is defined
on oriented edges by

I(zy) =

The above definition is really just the Ohm’s law: r,,[(zy) =V, — V, .

The current flow satisfies the cycle law: If ¢, ., # 0, Czyzp # 0, Cogas 0, oo, Cop_sury 7
0 and ¢, 2, # 0, where z,, = x¢, then

n
Z rmiflxi[(xi,lxi) =0.
k=1

In general, a flow # from a to b is an antisymmetric function on oriented edges (i.e.
0(zy) = —0(yz)) that obeys

Kirchhoff’s node law: Z 0(vi) =0 for each v ¢ {a,b}.

The strength of an arbitrary flow 6 is measured at one of the poles a:
ol =) o(az).

Note: The current flow I is the only flow from a to b of strength ||I|| that satisfies the cycle
law. How: Consider the difference flow 6 — I. Node law plus cycle law imply 6 — I is zero
along any path from a to b.

Finally, we define the effective resistance,

|

Rla = b) =7

and the effective conductance C(a < b) = m.
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Now, the probability of leaving a an getting to b before returning back to a,

Probla — b] = Y p(a,z)Prob[{T, < T,} | X, = ]

= Zp(aaw)va —

= Vo=V,
1
~ w(@)(Va— V) Z Caa(Va = Vi)
1
- m(a)(V, — V}) [
_ 1
~ 7(a)R(a + b)
Thus
Probla —b] — ——C(a s b) (1.1)

7(a)

This will be important for solving recurrence/transience questions.

Now it is time to recall the long forgotten laws of electricity:
Parallel Law. If two vertices, x; and x5 are connected by two different edges, e; and e
with respective conductance values ¢; and c¢;. Then both edges can be replaced with one,
with conductance ¢; + ¢o. Thus the new resistance equals m
Series Law. If the vertex z is connected (wit edges of non-zero conductance) only to two
vertices, x1 and x, then

Tovey = Toye + Tezy  and  I(x1m3) := ](xl_)x) = ](m)

One can also glue vertices that have the same voltage value together into one vertex
since the current never flows between vertices with the same voltage.

Example. Finite birth-and-death chain. States: 0,1,..., M.
Transition probabilities: p(0,1) = py =1 — p(0,0),

p(J,j+1)=p; andp(j,j—1)=¢j=1—p; forall j;=1,2....M—1

and p(M,M —1) = 1.
Question: Find the probability Prob[0 — M] of departing from zero and hitting m before
returning to zero.
Solution: As we have seen, the above Markov chain is reversible. Thus the above con-
ductance/resistance representation works. Namely, a = 0 and b = M, and the effective
resistance

1 1 1 1 1 1 1

RO M) =—+—+...+ = + + et )
0= M) =+, o 0 A p T 7 @m (T = Dpars
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P1 PoP1
m(2) = —m(1l) = —x(0),
() Q2() Q1Q2<)

_ __ DPoP1P2
Q3 q14243

m(0),

Dbop1 - pM*zﬂ(())'

a(M—1) =220 —9) =

qnM-1 q192 - - - qm—1
Thus
1 q1 4192 q19243 q192 - - - qpm—1
( ) 7T(0)]00 W(O)popl W(O)poplpz W(O)Poplpﬂ?:s W(O)pop1p2 <o PMm—1
Hence, by (1.1),
PrOb[O - M] = 1 (I1 qu]z QIQZ?’) q192---qp—1 7
W(O)R(O - M) 1 + + pP1p2 + p1p2p3 + + pPip2...-PM—1

Conservation of Energy: If 0 is a flow from a to b, then

Vo= W)- ol =5 32 (V= V)h(ay).

TyTy

Proof: Use Kirchhoff’s node law.

5> V- = (Zv S o+ Y vy9<y7c>)

T,yT~y Y~y T, YT~y
= ZV Z 0(z7)
Y~y
= a,-||9||—Vb~||9||

Thomson’s Principle. [Doyle and Snell, p.50; Y.Peres, p.26]

If I is a unit current flow (||| = 1) from a to b, then the energy E(I) = > [I(e)]*re
minimizes the energy £(0) := Y__[0(e)]*r. among all unit flows 6 (||f]] = 1) from a to b.
Moreover

R(a < b) =inf{€(A) : 0 is a unit flow from a to b} = E(I).
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Proof:Let 6 (||#]] = 1) be a unit flow from a to b and let D(e) = 6(e) — I(e) be the
difference flow with || D|| = 0.

1
£l) = 5 [1(zg) + D(7Y))*ray

T,Y:x~Yy
1 1

= 5 @) Pray+ Y, 1@)D@G)ray +5 > [D@))ray
T,y T~y x,y:x~y T,y x~y

= D)+ > (Vo -V,)D(x5) +£(D)

Z,Y:x~Y

= &) +ED) > &)

by Conservation of Energy law.
Now,

& = 5 3 U@
LY i)

PR TR
= (V- Vi) M=V Vi
Va - ‘/b
= =R(a< b)
1]]

OJ
Remark. Suppose the strength of the current flow ||I|| = a # 1. For each edge e we divide
the corresponding conductance value by a and get new conductance values ¢;, = . The
transition probabilities for the Markov chain (the random walk on the weighted graph) will
remain the same, as well as the voltage values

V, = Vi + Prob[{T, < Ty} | Xo = 1] - (Vu — V).

The new current circuit I'(zg) := ¢, (V, — V,) = 2I(zy) will have strength ||I']| = 1. The
above argument for ||I]| = a shows

|

£1) = (V= Vi) I = 0> X = 0R(a = ).
Now, by definition,
1 1 1
EN =5 Y @) =5 > e(Vi-V)?=a; Z ¢y (Ve = V)’
T,Y:x~Y z,yx~y T,Y:x

=a&(I') = aR'(a « b),

where R/(a < b) is the effective resistance with respect to {c.}. Thus R'(a <> b) = aR(a <> b).

Hence
1 1
Probla — b = e b)) ~ 7@ R b)
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where 7(a) = Y., Cza and 7'(a) = Y, b, = im(a).

r~a “ra

Consider adding an extra edge to the network which is not incident to a. How will
this affect Probla — b]? Yuval Peres: Probabilistically the answer is not obvious. In the
language of electrical networks, the question is answered by

Rayleigh’s Monotonicity Law. [Figure 29 and Figure 30 on p.51-52 of Doyle and Snell]
If {r.} and {r.} are two different sets of resistances and if r. < r/ for all e, then the resistance
R(a < b) < R/(a < b), where R’ corresponds to {r.}. set.

Thus decreasing the resistance of an existing edge increases Probla — b]. Therefore
decreasing the resistance of an edge with conductivity zero from infinity to a finite number
increases Prob[a — b].

The proof of the Rayleigh’s Monotonicity Law follows form Thompson’s Principle:

ir(}f Z r]0(e))? < iréf Z ' 10(e)]?.

1.2.2 Infinite electrical networks.

For a reversible Markov chain on an infinite graph G containing vertex a, the same weighted
random walk representation with conductance values (and reciprocal resistance values) stands:
[From Y.Peres notes.] Let {G,} be a collection of finite connected subgraphs containing a
and satisfying U, G, = G. If all the vertices in G \ G,, are replaced by a single vertex b,,,
then we can define

R(a < o0) = lim R(a < b,).

n—odo

Then C(a < o0) = R(aim) and

Probla — o] = %

where m(a) =) c

r:x~a ar:

Thomson’s Principle remains valid for infinite networks as well:

R(a < c0) = inf{€(F) : 0 is a unit flow from a to co}.

An edge-cutset [ [ separating a from b is a set of edges of a connected graph such that
any path from a to b must include some edge in [].

Nash-Williams Inequality (Rayleigh’s Method, first applied by Nash-Williams).
[From Y.Peres|
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If {T],,} are disjoint edge-cutsets on a connected graph (network) G which separate a from

b, then
R(a < b) 22 (%) .

n e€l],, Ce

The above inequality works for b = co (i.e. lim, ., b,), in which case if

1
; (Zeenn ce> =00,

the weighted random walk is recurrent.

Proof: If # is a unit flow from a to b, then for any n,

2 2

S| Xwlber) = [ 3 vereel | = | S el = e =

e€ll],, e€l],, e€l],, e€l],,

as [[,, is an edge-cutset. Therefore

e0) =S rloe@P =S Y rlbE)E =Y <z;) |

C
€ n eEHn n eeHn €

The theorem follows from Thomson’s Principal.

g

Example. Simple random walk on Z? is recurrent. Take ¢, = 1 for each edge e of G = Z?
and consider the edge-cutsets [[,, consisting of of edges joining vertices in 90, to vertices
in 00,41, where 0J,, = [-n,n]%. Each [], has 4(2n + 1) edges in it. Thus

Z ce =4(12n+1)

e€l],

and, by Nash-Williams,
1
R > —_ =
(a < o0) 2 ;4(2n—|—1) >

Thus the simple random walk on Z? is recurrent.

Example. Simple random walk on Z? is transient. [Almost entirely from Y.Peres.]

Take ¢, = 1 for each edge e of G = Z3. To each directed edge € in the lattice Z3, attach
an orthogonal unit square [J, intersecting € at its midpoint m.. Define §(€’) to be the
area of the radial projection of J. onto the sphere 0B(0, }l), taken with a positive sign if
the dot product ¢ - m, > 0, and with a negative sign if € - m. < 0. By considering a unit
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cube centered at each lattice point and projecting it to 0B(0, }l), we can easily verify that
0 satisfies the Kirchhoff’s node law at all vertices except the origin. Hence 6 is a flow from
a=0tob=o00in Z3. It is easy to bound its energy:

2
) < ZCm2 (%) < 00.

Here the number of edges e touching the boundary of (J,, = [~n,n]? is bounded by C;n?,
where for each such ¢, |0(€)| < £. Thus R(0 <> 00) < 0o and C(0 <> co0) > 0. Therefore,

Prob|0 — o] — C(O;(—(;)oo) _ C(0 Z 00) S0

1.3 Martingales and Lyapunov functions
Bremaud Ch.5
Definition. A homogeneous Markov chain {X,,} such that E[|X,|] < co (or X,, > 0) for all

n > 0 is a martingale if
ElXm | Xo] =X, .

Definition. Given a Markov chain {X,}, let {Y,,} be a real-valued process such that for
each n > 0,

e Y, is F,-measurable, i.e. Y, is a function of Xy, ..., X,;
o FllY,|]] <ocorY, >0
is called a martingale with respect to {X,,} if

ElYou | Fal =Y, .

If E[Y,q1 | Fo] <Y, it is called a supermartingale, and if E[Y, 11 | F,] > Y, it is called
a submartingale.

1.3.1 Martingales and harmonic functions

If {X,} is a homogeneous Markov chain (HMC), and if A(-) is a harmonic function with
respect to the transition probabilities {p(i,7)}, i.e. if h satisfies the averaging property

> pla,y)h(y) = h(x),
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then h(X,) is a martingale. Indeed E[h(X,41) | X = 2] = 3 p(x,y)h(y) = h(x), so
E[h<Xn+1) | Fn] = h(Xn)
The equation > p(z,y)h(y) = h(x) is often written in operator form as

Ph="h.

1.3.2 Stopping theorem
Bremaud p.185

Theorem 2. Suppose {M,} is a martingale with respect to {X,.}, and T is a stopping time
with respect to X,,. If either T' is bounded or Prob[T" < oo] = 1 and there is K > 0 such
that |M,,| < K when n < T, then

E[My] = E[My).

Proof: Consider Y, = My, then Y, is a martingale w.r.t. {X,,} and therefore
E[Mran] = E[Ya] = E[Yo] = E[Mo].
Thus
|E[M7] — E[My]| = |E[Mr] — E[M7p)| < 2KProb[T >n] — 0 as n — oo.

OJ
Example. Gambler’s ruin.
Example. Birth-and-death chain

1.3.3 Lyapunov functions

Bremaud Ch.5 and Durrett

Harmonic functions can be generalized to Lyapunov functions, the latter in reversible
case

Suppose {X,} is an irreducible Markov chain on state space Z, = {0,1,2,...}, and
suppose there is a non-negative function ¢ such that

lim ¢(z) =00, and FE[p(X,11) | X, =2] < p(x) when z > K,

r—00

for some K > 0. Then we can show that {X,} is recurrent.
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Indeed we can show that the Markov chain visits {0, 1,..., K} infinitely often. Let 7k
be the time of hitting set {0,1,..., K}. We fix M > K, and let 75, be the time of hitting
set {M,M +1,...}. Then 7 := min{7g, 7/} is a stopping time.

Without loss of generality we let ¢ =0 on {0,1,..., K — 1}. Now, ¢(X,) is a bounded
supermartingale on {K, K +1,..., M}. Thus

Elp(X;) | Xo = 2] < ¢(x).
Therefore
(1 = Prob[rx < 7u]) - E[¢(X7,,) | Xo =2, 7v < 7x] = ¢(2).
Thus, for any = € Z,

¢(z)
E[¢(XT]\/[) | Xo=u, Tu < TK]

Prob[rx < my|=1- —1 as M — 400
as Blo(X.,,) | Xo=z, 7y < 7] > min{op(y) : y=M,M+1,...} — 0.

Hence Prob|[rx < oo] = limp/— oo Prob[rx < 73] = 1 and Prob[T; < o] =1, i.e. the
chain is recurrent.

Such ¢(+) is called a Lyapunov function by analogy with Lyapunov functions used to
show stability of differential equations. In general, the Lyapunov functions can be used just
as well in higher dimensions. A similar condition for Z< is

lim ¢(z) =0, and E[p(Xnr1) | X, =] < d(z) when [l2]| > K,

[[]|—o0

for some K > 0. The proof of recurrence is as above.

1.3.4 Example: 1-D Random Walk in Random Environment.

Consider a sequence of i.i.d. (0,1)-valued random variables pg, p1,pa,... and a Markov
chain (random walk) {X,,} on Z, = {0,1,...} with the following transition probabilities:

p(07 1) =DPo = 1 _p(070)7
p(j,j+1)=p; andp(j,j—1)=¢=1—p; forall j=1,2....

Here {p;} is called random environment, and {X,} is a random walk in random envi-
ronment (RWRE). Let
L _l-n
A

Theorem 3. (F.Salomon 1975) The random walk in random environment is
e recurrent with probability one if n = Ellog p;] > 0

e transient with probability one if ;1 = Ellog p;] < 0



From Markov Chains to Gibbs Fields 19

Proof via martingales / Lyapunov functions: We let

(x) = 1+ p1 + p1p2 + prpeps + prpepspa+ -+ p1p2. . pa_1.

Then for each x > 1, ¢(x + 1) — ¢(z) = p1p2. .. pa_1pz = (¢(x) — ¢(x — 1))p, and therefore
Pa((x +1) = ¢(x)) = (1 = po)(¢(x) — ¢(z — 1)). So

O(x) = pad(z +1) + (1 = pz)o(z — 1).
Hence, conditioned on the environment {p;}, ¢(X,) is a martingale on {1,2, ... }:
E[¢(Xnt1) | Xn, {psj}] = o(Xa).
Thus for M > 0 and z € {0,1,2,..., M},
¢(z) — ¢(0)
G(M) — ¢(0)°

In order to show recurrence we need to show lim, ., ¢(z) = co. Now, by the strong law of
large numbers,

PI'Ob[TM < To] =

Prob [bgm +logpy+---+logpn 4 .

n

If w>0,

1 1 ] —1\"
og p1 + log pa + +ogpx_x}2(1+u2 > o1
xr

/)1/)2--~Pw=exp{

for x large enough and lim, ., ¢(x) = oo with probability one, thus proving recurrence.
If <0,

log py +1og ps + - - +log p, } < 1—#)”"

0102---Px=eXp{ 1——-
x 2

for large x and lim, ., ¢(z) < oo each time, thus proving transience.
Now, if 4 = 0, one can show that the random walk process

Y, =log p1 +log ps + - - - + log py,

where steps {log p;} are mean zero i.i.d. random variables, returns to R, infinitely often:
Y,, restricted to [0, —K] (K > 0) is a bounded martingale, and the probability of getting to
R4 before (—oo, —K] increases to one as K — +oo. Thus

p1p2.- - Pz =1

infinitely often and lim, ., ¢(x) = co implying recurrence. Q.E.D.

Proof via electrical networks: The edge from 0 to itself has conductivity ¢y, edge
[0, 1] has conductivity ¢1, edge [1,2] has conductivity ¢, [2, 3] has conductivity ¢, and so on.
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Now, 7(0) = ¢o + ¢1, (1) = ¢1 + 2, T(2) = ¢ + ¢3 ete. So
¢ =7(0)po, co =7(1)p1, 3 =7(2)pa, ...,

where site conductivity 7(-) satisfies detailed balance conditions and therefore (1) = (1{—21)#(0),

D1 PoP1
w(2) = m(l) = w(0),
=™ = T =™
D2 Pop1pP2
m(3) = ———7(2) = 7(0),
O =T = Tt - )"
. Pj—1 . boP1---Pj—1
T = — 7m(1—1)= (0 s
D=a=py™ V=Tt ="
and so on. Thus
C1 C1 C1
o =pim(l) = E7 c3 = pom(2) = oupr cs = p3m(3) = PR
and
1
R(0 < 00) = C—1(1+P1+P1P2+P1P2f03+---)-

The rest of the proof is as above. ().E.D.

1.3.5 Martingale convergence theorem

Bremaud, p.185

Theorem 4. Let {Y,,} be either a nonnegative supermartingale, or a bounded submartingale,
with respect to { X, }. Then, with probability one, lim,, ., Y, exists and is finite.

The proof is done via the upcrossing inequality.

1.4 Homework #1

Problem 1. 2-D RWRE Consider two sequences of i.i.d. (0,1)-valued random variables
P1,D2, D3, - .. and Py, Pa, P3, . . . and a Markov chain (random walk) {X,,} on Z2 = {0,1,...}?
with the following transition probabilities:

Pl i+ 1,9) =2 (i), (- 1.9) = 52
p((69), i+ 1) =2, and p((i,), (1§~ 1) = 52 forall ije 72,

2
where pg = pg = 1. Suppose p = E [log (17”)] >0and p = F [log (%)] > 0. Show

p1
that {X,} is recurrent.

Problem 2. Suppose £1,&s, ... are i.i.d. with mean E[§] =0. Let S, =& + &+ -+ &,
be a random walk. Show that {S,} visits R, = {x : z > 0} infinitely often. Observe that
&; could have unbounded higher moments, e.g. E[£?] = co.



Chapter 2

Long Run Behavior of Stochastic
Processes.

Bremaud Ch.6

2.1 Coupling method, convergence rates via coupling.

Bremaud, p.129; Convergence to steady state: Liggett, p.65; Bremaud, p.128-131

Theorem 5. Let {p(i,j)} be the transition probabilities for an irreducible and aperiodic
Markov chain on a finite set S, i.e. Im s.t. min; jes pm (4, ) =€ > 0. Then the limit

m(j) = lim p, (i )

exists for all i,5 € S and is independent of i, where 7 is the unique stationary distribution.

Coupling proof: [Liggett, p.65] Let (X,,,Y,) be a Markov chain on S x S with transition
probabilities
p(iv, j1)plia, j2)  if 4y # io,
Prob|(X, 11, Yot1) = (J1,J2) | (X0, Ya) = (i1,22)] =  p(is, j1) if i3 = 13 and j; = jo,
0 if il = iz but jl % j2.
So until the coupling time 7" = min{n > 0 | X,, = Y,,} the two processes {X,,} and {Y,}

move as two independent Markov chains with transition probabilities {p(i, j)}. After T, they
move as one Markov chain

Xr=Yr, Xrpi=Yrn, Xrp=Yr, Xrpsz=Yrys,

with transition probabilities {p(i,7)}. Now

Prob[T < m | (Xo,Y) = (in,iy)] = ) Prob[X, =Yy =j | (Xo,Y0) = (ix,i,)]
jes
> > pliz, ))pm(iy,§) > €
JES

21
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for any i,,i, € S. Thus Prob[T' < oo] =1 and
Prob[X, £ Y, | (X0, Y0) = (ia.1,)] — 0
as n — oo. Hence, for any i,,1, € S,.
|Pn(iz; §) = Pa(iy, 3)| = [Prob[X,, = j | (X0, Yo) = (ia, iy)] —Prob[Y, = j [ (Xo, Y0) = (iz, )]

= |Prob[X,, = j,T > n | (X0, Yo) = (ig,iy)] — Prob[Y,, = 5,7 > n | (X0, Y0) = (iz,%y)]|
< Prob[X, #Y, | (Xo,Yy) = (ig,iy)] = 0

Here we will quote [R.Durrett, “Probability: Theory and Examples.”]:

“Example. A coupling card trick. The following demonstration used by E.B.Dynkin in
his probability class is a variation of a card trick that appeared in Scientific American. The
instructor asks a student to write 100 random digits from 0 to 9 on the blackboard. Another
student chooses one of the first 10 numbers and does not tell the instructor. If that digit is
7 say she counts 7 places along the list, notes the digit at that location, and continues the
process. If the digit is 0 she counts 10. A possible sequence is underlined on the list below:

3478237561646578315307923 ...

The trick is that, without knowing the student’s first digit, the instructor can point to her
final stopping position. To this end, he picks the first digit, and forms his own sequence in
the same manner as the student and announces his stopping position. He makes an error
if the coupling time is larger than 100. Numerical computation done by one of Dynkin’s
graduate students show that the probability of error is approximately .026”

2.2 Second largest eigenvalue.

Linear algebra is central to Markov chains. Let us recall a few facts: Suppose A is an r x r
matrix with all non-negative entries and r distinct eigenvalues A\q, ..., A\, and uq, ..., u, and
v1, ..., v, are respectively left and right eigenvectors (1 row, r columns), i.e.

w; A = M\u; and AviT:)\iviT 1=1,2,...,r.

Then A\uv] = u;Av] = Mugv] and therefore u; - v; = w;v] = 0if i # j. One can scale the
eigenvectors so that u; - v; = u;w] =1 for all i. So A is diagonalizable, i.e.

A=UAVT,

where uq,...,u, are rows of U, vy,...,v, are rows of V and A is the diagonal matrix of
eigenvalues \i,..., \,. Here U=! = V7T,
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Thus we obtain spectral decomposition

A" =VTAU = Z PIERT

=1

Consider a finite Markov chain on state space S of cardinality |S| = r with transition
probabilities matrix P = {p(i, )} and unique stationary distribution 7. Let

1:/\1>)\2Z)\3Z"'Z)\r>_1

be the eigenvalues of P. Since P is a nonnegative matrix whose rows add up to one, if there
was an eigenvalue A\ with |[A| > 1, then there is a nonnegative vector u with ||u|lp =1 (i.e.
its coordinates add up to one) such that ||[uP|;; > 1, but 1 = |Ju|p = ||[uP||;.

Now A\ =1,y =mand v, =1 = (1,1,...,1) as 7P = 7 and the rows of P add up to
one.

Example. Two state Markov chain. See Bremaud, p.196.

1 -« o
P:(ﬂ 1—@

The eigenvalues are \y =1 > Xy =1—a — (3 > —1 with

u1:7r:( B a ), v=1=(1,1)

a+pB a+

ws = (1,-1), vy = <L_—ﬁ) .

2 1 8 « l—a=-0)"(a -—a
n o __ n, T, = __ I A,
P _;Aiviul_wrﬁ(ﬁ Oz)+ a+ 3 (‘5 5)

and we obtain the result of the limit theorem that we already proved with coupling.

Thus ]
P =1l = gray _(m m where m = (1, m2).
8 «

and

Thus

a+ 3 T T
Here it is important that we also know the rate of convergence

n oo d—a=0)"a -«
Pr=1l="—""3 (—5 ﬁ)'

Convergence to steady state via Perron-Frobeniuous theorem. A finite state
Markov chain is irreducible and aperiodic if there is m > 0 such that P™ has all positive
entries, we say P™ > 0. A nonnegative matrix A that satisfies this condition (A™ > 0 for
some m) is said to be primitive.
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Theorem 6. (Perron-Frobenius) If A is a nonnegative primitive matriz, then there is an

eigenvector X of multiplicity one such that \y > |\;| for all other eigenvalues \;. Moreover

the corresponding left and right eigenvectors uy and vy can be chosen positive and such that
T

uv; = 1.

Now if A(9) is the second largest in absolute value eigenvector of PP, and my is its algebraic
multiplicity, then

P" = )\?v;ful + O(nm2_1|)\(2)’n) =11+ O<nm2_1’)\(2)‘n)

thus obtaining the rates via Perron-Frobenius theorem.

Remark. If the finite Markov chain generated by P irreducible, but not aperiodic. Then if
we define a new transition probability matrix P = %I + %P, i.e. each time we toss a coin and
either do nothing with probability %, or take a step according to P. Then P is irreducible
and aperiodic, and thus has the unique stationary distribution 7. But 7P = 7 if and only if
mP = m. Thus P has a unique stationary distribution. One can show that all the eigenvalues
of P are nonnegative.

2.2.1 Spectral gap and spectral theorem.

Bremaud, p.195-221
There are two ways to label the eigenvalues: We can label the eigenvalues in decreasing
order
I=M>X2>2A2>-- >\ > —1,

or we can order them in decreasing order with respect to absolute values
L=20) > Pl = Pl == 2| 2 0.

Value 1 — ), is called the spectral gap, and value 1 — |\(2)] is called the absolute spectral
gap.

Now if we slow down the Makov chain by skipping the move each time with probability
%, i.e. considering P = %] + %P. Then for the P chain, Ay = A9y and the spectral gap is
the same as absolute spectral gap. Observe that in the long run (n is large) Pis only twice
slower than P.

Therefore for the rest of the section we can assume without loss of generality that

as well as that the Markov chain is not only irreducible, but also aperiodic. We also assume
that it is reversible.

Example. Relaxation time is the reciprocal of the spectral gap:

1
1— Xy

Trlz =
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Why relaxation time? Suppose Ay = A2y has multiplicity my; = 1. Then after
n = K - 1, iterations the distribution tail

P —=0(X}),

where

log Mg (1-29)  (1-29)?
AL = T K _ ~(+552 45524 K o -K

Now, we assumed reversibility

m(@)p(i, j) = m(3)p(J,1)-
We can define the inner product with respect to m,
<y >e= Y w(@)y(i)n(i)
i,jes
and the corresponding /?(7) norm

|z||l» = V< z,x >

Observe that < z,1 >,= FE,[z] - the mean of x w.r.t. probability distribution 7= and
|z|lx = Ex[2?] is the second moment.

In general, if ;1 is a measure on S, we let [?(u) denote the r-dimensional space R” with
inner product

<ay>u= Y w(D)y()ul)

1,j€S
Theorem 7. In the reversible case (which we assumed), P is self-adjoined in I*(r), i.e.
< aPT y>.=<z,yP? >,

for all z,y € I*(r).

Proof:

<aPT oy >=Y w(0)p(i, )r(i)y(i) = > (i), )x()y(i) =< z,yP" >
i,j ,J
]
Converse is also true: if P is self-adjoint then the chain is reversible. This follows from
taking = €; and y = €; in R” and substituting into < 2P?,y >, =< z,yPT >..
We let

©(1l) 0 0 0
_ 0 m(2) 0 0 « _ pipp-t
D = 0 o 0 and P*=D2PD 2.
0 0 0 x(r)
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Here the eigenvalues of P* are the same Ay, ..., A\, as those for P. Moreover P* is symmetric
(i.e. (P*)T = P*) as P is reversible w.r.t. 7 and

P (i,5) = ,/%pu,j) = ol PG, = ,/%myz‘) — 5 (5.i).

Thus P* has an orthonormal set of left eigenvalues wy, . . ., w,, where by symmetry w?, ... w
are corresponding right eigenvalues. Then uq,...,u, and vy,...,v, defined as

T
r

u; =w;D?  and v} = D’%wiT
are respectively the left and the right eigenvalues of P. Observe that
w; = v;D.
Now, zDy" =< x,y >, and therefore
< Vi, Vj >a= 0;j and < Uy Uy >1= 0ij
1 T

1 1 .
as < v;,v; >= v;Dv] = (w;,D~2)D(D"2w]) = wyw] = &y, i.e. uy,...,u, are orthonormal

w.r.t. < - ->1 and vy,...,v, are orthonormal w.r.t. < - - >.. Hence

T T
r = g <z,u;>1u; and T = g < T,05 > v
™
7j=1 j=1

and

' T
rP" = E AP < x,uy >1 Uy and Pzl = E NP < T, > v;fp.
j=1 7=1

Recall that u; = 7 and v; = 1, and therefore wy = (\/7(1),...,/7(r)).

Definition. Dirichlet form
Ex(w, ) =< a(I — P)T o > =<a(l - P"), 2 >, .

We will adapt the following notation: £(z,z) = E(z, ).

Theorem 8. &£(z,z) = %Zi’jes m(0)p(i, 7)[x(j) — =(2)]?
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Proof:

<a(I-P o> = > (m(i) - Zp(i,j)ﬂs(j)> w(i)m (i)

Recall that in the electrical networks representation of reversible chains,

1

ell) =5 > wip(i, j) (V(G) = V@)*

i3
Also, in general, the same proof works in showing
T 1 N . ‘ . .
E(w,y) =< a(l = PT)y >-=5 > w(i)p(i, j)(x(5) — (i) (y(5) —y(0) -
1,j€S

Theorem 9. (Rayleigh’s Spectral Theorem for the second largest eigenvalue.)

E(x, )

1%

1—)\2:1Df{ <(L’,1>7r:0}

In general, Rayleigh’s Theorem asserts

E(x, )

T <z,v; >,=0, 1 §i<k}.
™

I—Ak:mf{

Proof:

T

T T
(I=Pla" = <zuy> 0] =Y A<z >v] =Y (1-XN)<z,0 > 0]
P =1

Jj=1

27
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and
,

x(I — P)'' = Z(l —\j) <z,0; >, 0.

=1

Thus

Ex(z,m) =< a(I — P)" 1 >,= Z(l — ) < z,0; >2.

J=1

Now we compare &, (z, ) to

T T
2|2 =< 2,2 >,= <x, Z <X,V >q vj> = Z < x5 >2
i=1 . =

when < z,v; >,=< 2,1 >,= 0. There

E(w,x) 2ol =X)) <zv;>2

= > (1—=M\
CERD T
as (I1—Xg) < (1—=X3) < (1=Xy) < ... < (1—=AX,), where
inf{g(x’f) o<zl — 0} —1— )
[E4
is attained at z = wvs. O

Thus any y = (y(1),...,y(r)) such that y(1) +--- 4+ y(r) = 0 provides an upper bound on
spectral gap

E
(1= 2 < (y,i/)
yllZ
and a lower bound on relaxation time
I
— &y,y)

2.2.2 Relaxation times.

Bremaud, p.212; [Diaconis and Strook, 1991]
The reversibility and assumptions section are imposed. Let us return the random walk
on weighted graph construction of electrical networks. So,

Cij = m(i)p(i, j) -

For each pair of states i # j, we randomly select exactly one edge self-avoiding (i.e. no edge
is used more than once) path

Pz‘jz{i—>i1—>i2—>"'—>im—>j}
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of positive probability p(7,41)p(i1,42) ... p(im,j) > 0. Then the resistance of the path is

1 1 1
el | el | )
Each pair ¢ # j has a unique such path in the collection P. We define the Poincaré
coefficient associated with P

k= (P) =max 3 w(R(piy)7()

RApij) = Tiiy + Tiviy + -+ iy =

Theorem 10. Given the assumptions of this section,

1
A<l ——.
K

Then 7,4, < k.

Proof: For any x € R such that < x,1 >,= 0,

22 = <zx>=<z,0> - <z,1>2

= 3 Y60) 2 @)Prn)

_ %Z > eV (afi) — (i) | w))

e=[i—,it] T eEpi,j

< %ZR(pw) Z e (z(iy) —x(i_))?*| #(i)7(j) (Cauchy-Schwarz)
,j e=[i_,iqy] : e€psj

< 5 Y (e @i-ei)r | Y s Re0)
e=[i—,iy] 1,J: e€pij

< k-&(z,x)

Thus + < 'S”(;‘g) for all € R such that < z,1 >,= 0. Hence, by the Spectral Theorem,

<1—-X.

R

O

Example. Random walk on a graph G [Bremaud. p.214] There 7 (i) = d;igg(li)’ where |£] is

for all e € £ and

the number of edges in G. Also ¢, = 2|£|

5(P) = max — > deg (i) - |pigl - deg (4),

ecf 2‘5|z] cepi;
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where R(p;;) = 2[€| - [pi;].
We let d = max;eq deg (i), |p| = max; jeq |pi;| and define the bottleneck coefficient

B = magx{# of paths p, ; € P s.t. e € p;;}.
ec

Then

Triz < K(P)

d2
< < 2|gllpl

2.3 Mixing times.

The hitting times are an important tool that we will be using in this section.

Mean hitting time. Consider a simple random walk {X,} on Z. Given two positive
integers, a and b, let T, and T}, be respective hitting times for —a and b. Also let T =
T_, AT, We want to compute E[T | Xy = 0].

Let g(z) = (b — z)(x + a) then g satisfies

2)=14> p(z,y)9(y)

as g(z) =14+ 3((b—2) = D)((z+a)+ 1)+ 2((b—2) + 1)((x + a) — 1). Also g =0 on
A = {—a,b} and T is the hitting time with respect to set A. Thus M,, = g(Xrpn) + (T'An)
is a martingale w.r.t. {X,}. Therefore, by the optional stopping theorem,

E[T | Xo=12]|=FE[Mr | Xo =2] = E[mg | Xo = ] = g(x)

for all z € [—a,b]. Hence
ET| Xo=0]=g(0)=ab.

Thus for the random walk on the ring Z/nZ,
E[T;] = E[T; | Xo = 1] = (j —i)(n—j +1)

for all 4,5 € {0,1,...,n—1}.

2.3.1 Strong stationary times.

Bremaud, p.219; [Diaconis|

Total variation distance:

= vllrv =5 Z |u(z )| = sup [1(A) = v(A)]

xeS

Definition. Let {X,} be a time-homogeneous Markov chain. A stopping time 7" is called
strong stationary time if Prob[T" < oo] = 1, and Xr ~ 7 and is independent of 7.
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Definition. Mizing time: process {X;} with stationary distribution 7. If X; ~ v, = 1P,

1
timiz = Inf {t c vy = 7wy < 7 all 1/0} )

So, if one compares the process with initial condition Xy ~ v with the process with initial
conditions Xy ~ T,

P! — allry = %Z [Prob[X, — 2 | X ~ v] — Prob[X; — x | Xo ~ 7|
z€S
1
= §Z|Prob[Xt::c, t<T|Xy~v]—ProblX;=uz, t <T | Xo~ 7|
xeS
< maxProb[t < T | Xy = x]
zo
max,, E[T | Xo = x]
t
by Markov inequality. Thus letting ¢ > 4 - max,, E[T | Xy = zo] obtain |[vP" — 7|7v < 1.
Thus ¢, < 4-max,, E[T | X = x]. A sharper estimate can be achieved with the knowledge
of higher moments of 7.

<

Example. Coupon collector.

Example. Bremaud p.224; originally done in [Diaconis and Fill, 1991] This is the example
of “lazy” simple random walk on a one dimensional torus

Z/nZ = (Z mod n) ={0,1,...,n—1}.

The random walk is called lazy because of its transition probabilities:
1
=7
i.e. half of the time the process does not move. In general, if P is the transition probability
for a process, then P = %(P + I) is the transition probability for the lazy version of the
process. Recall the discussion on P = H(P+1I).

Let n = 2L where L € Z,. So if T} is the first time the walker completes 1/4 of the
circle, and T is the amount of time after 7} that it takes for the walker to complete 1/8 of
the circle, and so on. Then

1

T=T1+T4---+1;_1+1

is a strong stationary time. Here

E[T]:E[T1]+E[T2]+~~+E[TL—1]+1:%- [(2)2+(9)2+--~+( n )2+1]

and therefore
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2.3.2 Card shuffling examples and cutoff asymptotics.

Here we will explain some of the best known card shuffling examples.
Example. Random card to random location.

Example. [Aldous and Diaconis, 1981] Top-to-random card shuffling. (Also see Bremaud
p225, and T.Lindvall) Here the strong stationary time is the time 7 = 7,, when the card that
was the bottom card [n]at time zero elevates to the top of the deck and then shuffled to the
random location in the deck. One can show with the standard coupon collector argument
that E[r] = nlogn + O(n) and therefore t,,;, = O(nlogn). Indeed, let T(y) be the first time
a card lands under [n], T(2) be the second time a card lands under [n], and so on. Then

T:T(l) +T(2) + "'+T(n_1) + 1,

where each Tj is geometric with parameter % Thus

n

E[7] :nZ% =nlogn+ O(n) .

J=1

However ¢, = nlogn is also a cutoff time: if v, denotes the distribution of X;, the
t-times shuffled deck, in S,,. Then

[va-ot, —7llrv — 1 and [[vate, — 7llrv — 0 asn — oo.

Indeed we have a coupon collector bound on 7: if V; is the time the collection gets the
Jth coupon, V; ~ T{,,_j41)

|lvy — 7llrv < Prob[r > ]
= Prob [U]_ {coupon #j is not collected in ¢ drawings} |

< Z Prob [{coupon #j is not collected in ¢t drawings}|
j=1

1\
= n(l——) — 0
n

where n (1— %)t ~n “—0ift=(1-¢€)t,=(1—¢)nlogn. Thus showing
[vatet, = llrv — 0 asn — oo

Moreover letting t = nlogn + cn obtain
1 t
\|\vy — 7|7y < Prob[r > ] §n(1——> ~e ©=

if ¢ =log4. Thus ¢, = nlogn + O(n).
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Also ||va—et, — ||y — 1 as if only cards [1],[2],... , took part in the ¢ shuffles, then

n!

the probability measure v, is distributed among the )T combinations in S,, where card

is under which in turn is under [n-2], and so on up to card .

Example. Random transpositions. [Diaconis| and [Diaconis and Shahshahani, 1981]

2.3.3 Mixing times via coupling.

Example. Lazy random walk on a two-dimensional torus S = Z*/nZ?. The original “lazy”
process has transition probabilities

p([i, g i +1]) =
p(li, g, li = 1,7]) =
p(li, g), [0 + 1)) =
p(li,g) 16,5 =1]) =

p(li, 5], 16, 91) =

N|— 0| —oo|—oo|—0oo|

We construct a coupled process to estimate the mixing time. Here are the transition proba-
bilities for the coupled process in S x S: Suppose X; = (i1,71) and Y; = (ia, j2), where the
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coordinates are given mod n. Then X;,, is determined according to
p([t1, J1, 12, G2, [t1, J1sd2, 2 + 1)) =
p(lir, J1,d2, jo], [in, Ji, 12, 2 — 1) =
p(lir, J1,i2, jo], [in, 1 + 1, iz, o)) =

p([i17j17i27j2]7 [ilajl - 17i27j2]) =

p([ir, J1,i2, jols [in + 1, 1, i2, o)) = if iy # 1y

p([iv, Jiy iz, Jol, [i1 — 1, Juy 2, Jo]) = if iy # 19

p(li1, J1, 92, Jo], i1, J1, 92 + 1, J2]) = if iy # 1y

p(li1, J1, 92, Jo], [i1, J1, 92 — 1, Ja]) = if iy # 19

p(liv, J1, 2, jo]s [in + 1, jis 2 + 1, 52]) = if iy = 1

p(lir, J1,i2, go)s [l — 1, ji, 12 — 1, o)) = if iy = is
p([ir, Jis 12, Jo, [i1, J1, 12, Jo]) = ifip =1y .

B~ — 0l —Wl —WI —XWI R, R,

In words, each time, with probability 1/2, one of the walkers moves and the other skips
the move until 77, the first time they are on the same vertical line. After T}, they move
simultaneously along the horizontal axis, and alternate the moves (according to coin toss)

in the vertical direction. Thus E[T;] < 2 - (g)z and the mean coupling time

E[Tcoupling] S n2 .

Suppose X; ~ vgP" and Y; ~ poPt. If T is the coupling time for (X;,Y;), then

1
[P = poPllzv = 5> |ProblX, = 2] — Prob[Y, = ]|
TES
1
= 5> IProb[X; =, T > ]~ Prob[y, =z, T > ]|

zeS

< Prob[T >t].

If we let jig = 7 then this bounds ||vo P — 7 P*||7y. In other words, the coupling time T is a
strong stationary time.

If we have the general bound on Prob|[T" > t| for all yg, then we will have an upper
bound for the mixing time:

max || Pt — 2P| 7v > |[wo Pt — 7|1y
x
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as Y m(z)||lvoPt — xP||rv > ||vyP* — 7||ry by convexity of f(x) = ||toP" — 2 P||7v.
Example. Random transpositions via simplest coupling. Order O(n?).

Example. Random adjacent transpositions via coupling. [Aldous and Fill, Ch 4-3]; originally
in [D.B.Wilson 1997] Sharp order O(n?logn).

2.3.4 Mixing and relaxation times.

More general definition of mixing time: fix € € [0, 1), then if X; ~ v, = 1P,
tmiz(€) :=1nf {t : ||y —7|lrv <€, all yy} .
Now, we know from Perron-Frobenious theorem that
P =T1+O(t™ '\,

where by our assumption, Ay = Ap) > 0. Recall that my was the multiplicity of Ay. We have
shown that for t = K - 74, M, < e ¥ if my = 1. So,

||I/0Pt — 7THTV = HVOPt — VOHHTV < C- e*K =€
for all 1y if K = log % Thus
C
tmzx(e) S log —  Triz-
€

In fact, C' = m will work (see [Peres|). Conversely,

bnie(€) > (7 — 1) log (;) |

In order to show this we observe that any v; (j =2,...,r),
Nows ()] = [(Pro] ) (@) = D pel, y)vi(y) = 7()v; ()| < 2lvjlle - |2P" = 7|l7v
yes
as < 1,v; >,=0for all j =2,...,r. Taking € S that maximizes v;, i.e. v;(z) = ||v}|/~,
we obtain

‘)\j’t S QHQZ’Pt — ’/T”TV S Qmag(Hl/oPt — ’/THTV S 26
Vo€

. . g 2i 10g(2€) 1
if t = ti.(€). Hence t.(€) > ( > (Trz — 1) log (52) as [Ag)| = [N.
log

) o)
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2.4 Long run behavior of continuous time processes.

Aldous and Fill, Bremaud Ch.8 Taking independent exponential waiting times transforms a
discrete time model into a continuous time one, where if the exponential parameter is one,
the probabilities turn into rates.

Superposition. If X, is an exponential random variable with parameter A > 0, and X,
is an exponential random variable with parameter ;1 > 0, then ¥ = X\ A X, is an exponential
random variable with parameter A + p. Check!

So if we are given two continuous time processes on the same discrete state space S.
Then the superposition of the two processes is a continuous time process whose rates are the
sums of the corresponding rates for the two processes, e.g. consider two Poisson processes
N; and M; with rates A > 0 and p > 0, then N; + M, is the Poisson process with rate A + .

Thinning. Consider a geometric random variable with probability of success p and
waiting times in between the trials distributed as independent exponential random variables
with parameter A > 0. Then it is an exponential random variable with parameter Ap.

2.4.1 Example: Ising model and Glauber dynamics.

[Y.Peres]
7(0) = —— P T 7o)
Z ()
where (3 is the reciprocal of the temperature, 5 = %7 and Z(3) is the normalization constant.
Glauber dynamics:
B s (1)

Prob[gnew(v) = 1] = e_ﬁ'zu:qu o (a) n eﬁ-zu:uw o)

Coupling.[Y.Peres] If d(-,-) is a metric on S such that d(i,j) > 1 for i # j. If one
constructs a coupling so that

Eld(Xy41,Yi)] < e7E[d(X,, V)] for some vy >0,
then for vy(z) = 0;(x) and po(x) = d;(z),
|lvoP' — poP||7v < e 7d(4,5) < e "*Diam(S)

and D g
tmia(€) <~ log Diam(5)

2.5 Homework #2.

Problem 1. Coupling in Z3. Consider a lazy random walk on S = Z3, i.e. do nothing
with probability 1/2, or move to one of the six neighbor vertices with probability % each.
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Construct a successful coupling, i.e. a coupled process (X;,Y;) on S x S with finite coupling
time: Prob[T,,ypiing < 00] = 1.

Problem 2. Mizing time for lazy simple random walk on d-dimensional torus. Consider a
lazy random walk on S = Z%/nZ? = (Z% mod n), a d-dimensional torus. Here the walker
does nothing with probability 1/2, or moves to one of the 2d neighbor vertices with proba-
bility 4%1 each. Show that the mixing time

Problem 3. Mixing time for the free dynamics on a graph with n vertices. Consider a spin
system on Z, = {1,2,...,n} where each site is occupied by either +1 or —1. There is an
exponential clock with parameter p > 0, when it rings, one of the n sites (chosen uniformly)
changes the spin. (There is an equivalent definition: each site has an independent exponential
clock with fixed rate 2. When the corresponding clock rings, the site changes the sign of the
spin.) Show that t,,;, = O(nlogn).
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Chapter 3
Gibbs Fields

[Bremaud Ch.7] and [Grimmett]
Given a site space S, a collection of random variables indexed by S, { X, }ies is called a
random field.

3.1 Markov random fields.

Let S be a graph, then each vertex v € S has a neighborhood system N, = {u € S : u ~ v},
where u ~ v denotes two vertices connected by an edge.

Definition. The random field {X,},cs is called a Markov random field if for any vertex
v € S, X, is independent of {X,, : w € S\ (vUN,)} when conditioned on the values
{Xu: ue N,}.

Example. Ising model on 2-D torus Z*/nZ?. Here the Gibbs potential is given by the
following Hamiltonian:

Ho)=—5 3 olwow)= — 3 o)
o cdges e—[u;]
and probability of a configuration o € A% = {—1,+1}" is
—BH()
(o) = W’ where (= T

and Z(8) = 3, ., e P9 is the normalizing factor. The Hamiltonian H (o) can be expressed
through local Hamiltonians: for each v € .S, we define the local Hamiltonian

Hiocat(0,v) = — Z o(u)o(v) .

Then ]
H(U) = 5 Z Hlocal(a, U) .

vES

39
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Glauber dynamics: Each time we randomly pick a vertex v € G, and erase the spin
o(v) at v. Let o, (respectively o_) be the configuration we get if we place o(v) = +1
(respectively o(v) = —1) spin at v. Then the probability of switching from o to o is given
by

e~ BH(o+) e BHiocar(0+,v)

PI’Ob(U — 0-‘,—) = efﬁH(U—) i 675’}—[(0—+) = e*ﬁHlocal(‘T—v’U) -+ e*BHlocal(U-H’U) '

So Glauber dynamics is a random walk on the space of all configurations A® such that the

probability measure 7 is stationary w.r.t. Glauber dynamics. Moreover, if tanh(3) < %,

the mixing time ¢,,;, = O(nlogn). Thus the Glauber dynamics is a fast way to generate .
Glauber dynamics is an important example of a Gibbs sampler.

The Ising model with external field has Hamiltonian defined as

H(o) = -3 Y owow)—h-Y ow)= — Y owo(v)=h-Y o)

U,v: U~ edges e=[u,v]

Example. Ising model on 1-D torus S = Z/nZ. [Bremaud, Ch 7, Example 1.4], [Baxter]

Z(f) =) ’2m7070) = % " R(0(1),0(2)R(0(2),0(3))... R(o(n),o(1)),

o€AS oEAS

where R(z,y) = €’ for all ,y € A = {—1,+1}. The transformation matrix
o R(—-1,-1) R(-1,41)\ [ €& e*
T\ R(+1,-1) R(+1,+1) )]~ \e? €F
generates Z(f3):

Z(B) = Y R'(o(1),0(1)) = R"(=1,—1) + R"(+1,+1) = Tr(R") = Xy + Apy,
(1)eA
where g1 = € + e and A\py = €% — e7? are the two eigenvalues of matrix R.

3.1.1 Gibbs-Markov equivalence.

Definition. A subset C' C S is called a clique for all pairs of sites u,v € C' (u # v), u and
v must be neighbors.

Definition. The set of random variables 0 = { X, },cs is a Gibbs field if the joint distribution
function can be written as

for some T > 0
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with the energy function £ : A — R U {+oco} defined via the Gibbs potential functions
{Ve(o)}ocs in the following way:

E(@) =Y Velo) .

ccs
where Vo 1 AY — R U {400} satisfy
e Vo =0if C is not a clique;

e Vi (o) depends entirely on values of o at C, o(C): if 01, 05 € A such that o1 (v) = o9(v)
for all v € C, then
Vc((ﬁ) = VC(02> .

Theorem 11. Gibbs fields are Markov fields.

Assume a positivity condition. Then the following is true.

Theorem 12. Hammersley-Clifford Theorem. Markov fields are Gibbs fields.

Proof (Grimmett, 1973): Let 0 be one of the states in A. Denote by 0 the combination
in A° with zero states at all sites, i.e. F(v) =0 for any v € S. Also, for any subset B C .S,
let o € A% denote the configuration such that 0 = o on B and 0® =0 on S\ B. Let us
define _
ACE I C 7(0)
A g 7(0B)

BcA
Then, by the M&bius formula (see Brémaude, p.262),

(0
W((Uj) = V(o).

BCA

log

Thus, taking A = S, obtain the expression for the MRF distribution 7:
H

m(0) = (0 )e =pcsVel@)

Now, since 7 is the distribution of a Markov random field, for any subset B C S and site
v B,

=m(aP(v)| oP(S\ ) - w(0P(S\ v)) = 7(cP (V)] ¥ (N,)) - w(aP (S \ v))
and

7T(O'B+v) _ 7T(0'B+U(U)| O'B+U(S\U))-7T(O'B+U(S\U)) _ 7T<0_B+v(v)| O'B-&—U(NU))-W(O'B—FU(S\U)) )
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where w(aP1(S\ v)) = w(c?(S\ v)) as aBT(S \ v) = ¢B(S \ v). Thus for any B C S and
v ¢& B,

7T(03+v) B 7T(UB+”(U)| OB—H;(NU))
7(@®) (0B ()] oB(V,) (3.1)

Now, we need to show that V4 = 0 if A is not a clique. Suppose A is not a clique, then there
is a pair of sites u,v € A that are not neighbors. Then

Valo) = 3 (1)H1og IO
BcA (o)
— _1)l4-Bl, m(0) A=B—ul 1, W(ﬁ)
BCAZuv( 1) lg ( B) +BCAuv( 1) lgﬂ-(UB—HL)
D D D DINC A e 0
PV AR e

BCA—u—v

forallo € AS as w(aP+|aBT(N,)) = n(cB|oB(N,)) and n(acBHutv|oBTetv(N,)) = n(aBH|eBT(N,))

since u & {v} U N,,.
Also, V4 was defined so that V(o) depends entirely on values of o at A, o(A)

OJ

Example. Markov chain over [0,n] time interval. Gibbs sampler.
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3.2 Ising model and bond percolation.

3.2.1 Spin systems
3.2.2 Phase transition.

3.2.3 Ceriticality.

1
5

3.3 Monte Carlo Markov Chain method, Metropolis
Algorithm and Gibbs sampler.

3.2.4 Two dimensional bond percolation: p. =

Bremaud + [N.Madras, “Lecture on Monte Carlo Methods”|
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