Multivariate quadratic natural exponential families

Muriel Casalis and Gérard Letac*

These lectures are devoted to the richest of the natural exponential families in IR",
namely those with a quadratic variance function. Lecture one gives mainly definitions and
a few easy results. Lectures 2 and 3 are for the simple quadratic NEF, their properties
and characterizations, lectures 4 and 5 study Wishart distributions from the point of view
of NEF.

1 Natural exponential families

The frame of these lectures is the study of some statistical exponential families con-
centrated on a finite dimensional real linear space E. Although in practical situations,
E =1R", it is better to be not linked to a particular basis if we do not need it. This gives
us the freedom to choose in due time a basis adapted to the geometry of the considered
problem, and to avoid tedious and useless changes of basis. However, sometimes the price
to pay for this free coordinate approach is too high, specially in higher derivations ques-
tions, and we shall use IR" in these circumstances. Similarly, we do not assume in general
that a particular Euclidean structure on E is given: there are many advantages to see
clearly what belongs to £ and what belongs to E*, i.e. the dual of E or the space of the
linear forms on E. If 0 is such a linear form, we denote its action on the vector x of E by
< 0,z >, rather than by 6(z), and the map (0,z) —< 0,z > from E* x F to R is called
the canonical bilinear map. The linear space of linear operators a : £* — E such that for
all & and 8 in E*, one has < o, a(f) >=< (3,a(a) > is the space of symmetric operators
from E* to E and is denoted by L,(E*, E'). This space is isomorphic to the space of the
quadratic forms on E* but is more easy to deal with.

Now, given a positive measure p on F, its Laplace transform is the function defined
on E* and valued in (0, +00] defined by

Lu(0) = [ e p(da).

Let us insist on the fact that the measure p is not necessarily bounded. We have now the
simple statement:
Proposition 1.1 : Consider a positive measure p on F. Then the set

D(u) = {6 € E%; L,(6) < oo}
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is convex, the cumulant function k, = log L,, is convex on D(u), and is strictly convex if
and only if p is not concentrated on some affine subspace of E.

Proof : Let 6 and ¢ be two distinct elements of D(u). For A in (0,1), define p = 1/A
and ¢ = 1/(1 — \), and apply the Holder’s inequality to the measured space (E, i), to the
pair (p, q) and to the functions f and g defined by

f(x) — e/\<9,x>’ g(:l?) — o(I=N)<0 2>

Clearly, these functions belong to L, and L, respectively. Thus their product is in L4,
and this gives the convexity of D(u). The Holder’s inequality itself provides the convexity
of the function k,. Finally, Holder’s inequality becomes an equality if and only if | f|? and
|g|? are proportional p almost everywhere. In our particular case, the convexity inequality

ku(A0 + (1 —=N)0') < Ak, (0) + (1 — Nk (0)
becomes an equality if and only if there exists a positive number C such that

!
e<l9,9r> — Ce<9 x>

1 almost everywhere. In other terms, equality occurs if and only if u is concentrated on
the affine hyperplane which is the set of x in E such that

<0—0,x>=1logC.

Definition 1.1 : M(FE) is the set of positive measures p on E such that the interior ©(u)

of D(u) is not empty and such that p is not concentrated on some affine hyperplane of E.
For instance, M(IR) is the set of measures on IR which are not concentrated on one

point and for which there exist 6, in IR and a > 0 such that for |§ — 6| < a one has

+oo
/ " p(dx) < oo.
The measures § + d; and 1) (z)dz are in M(IR), the measures dz, dz/(1 + z?) or
e~ VIzldy are not.
Definition 1.2 : Let x4 be in M(E). Then the set of probabilities on E defined for 0
in ©(u) by
PO, p)(dx) = exp(< 0,2 > —k,(0))pu(dz) (1)

is called the natural exponential family (NEF) generated by p. We denote it by F'(u).

This definition calls for numerous comments:

1) F(u) = F(i') occurs if and only if there exists («,b) in E* X R such that p/(dz) =
e<®*>+b;(dx) : this is an easy exercise to prove this. Note that in particular a NEF is
generated by any of its elements. It has other generators, which are often easier to use,
simply because there are ...less partial. For instance, in IR, 1 «(x)dz is a good choice to
generate the NEF of exponential distributions

d
F = {e_“”/al(om(x)—x ;o> 0},
o



while choosing p(dx) = 2e™*"1(g o () dz to generate F seems artificial.
2) We separate from common usage by declaring that elements of D(x) which are not
in ©(p) do not provide elements of the NEF F(u). For instance, consider for p > 0

p

V(@)

Here, this measure is a so called stable distribution of type 1/2. Then clearly D(u) =
(—o0,0]. By differentiation under the integral sign, one can prove that for 6 < 0, one has

p(de) = e e g o) de (2)

L, (0) = e PV(=20)

and the NEF F(u) is a family of inverse Gaussian distributions. However, the stable
distribution g itself, which corresponds to the limiting case § = 0, according to our
definition, does not belong to the family. We do this to have clearer statements of the
theorems: statistical literature is sometimes sloppy with this question.

3) One can get the feeling that our definition of exponential families, while restricting
to the NEF, is very narrow. Our claim is that is the one which is useful, and that all other
kinds of exponential families are actually relying on it. To be clear, let us define what we
call a general exponential family (GEF). They are families of probabilities (or "models"),
living not on a linear space E, but on a measurable space €2 and given by the data of two
objects : first a positive measure v on (2, and second a measurable map t from {2 to a
finite dimensional real linear space F such that the image p in E of the measure v on
by the map ¢ is an element of M(FE), as in Def.1. With these notations and hypothesis,
the GEF generated by the pair (v, t) is the set of probabilities given for 6 in ©(u) by

P(0,v,t)(dw) = exp(< 0,t(w) > —k,(0))v(dw) (3)

Let also call F'(u) the NEF associated to this GEF. As we shall see, all information which
is obtained on the GEF about the estimation of the unknown parameter 6 will be obtained
through the associated NEF build with the so called "sufficient statistic" t.

The most famous example of a GEF is the set of Gaussian distributions on IR:

1
V(2mv)

where both the mean m and the variance v are unknown. Here the abstract space €2 is IR,
the measure v can be taken as dz//(27) and t maps R to £ = IR? by 2z x = (2, 22/2).
Hence the measure p on IR? has not a density with respect to the Lebesgue measure of
IR?, but is singular, being concentrated on the parabola y = 2%/2.

4) There are also in the literature exponential families which appear to be still more
general than the GEF: they simply replace € in (1.3) by a fonction f of an other parameter,
say «, valued in some other manifold F'. If F' has the dimension of E and if f is a
diffeomorphism, we have an artificial generality, which does not bring anything useful and
new (this reparametrization of the GEF may however come from practical or historical
reasons). If the dimension of F' is smaller than the dimension of E, we are in the different

Npo(dz) = e~ (=m?*/2 g (4)



world of "curved exponential families" where the methods of the differential geometry
have to be used, the problems are harder, and cannot be solved with the sole algebraic
tools that we are going to consider here.

5) One frequently meets in the statistical literature the statement : "This distribution
belongs to THE exponential family". We think that this is misleading: a distribution
should mean a definite probability measure on a space, not a whole model on this space,
as intended in the sentence. Confusing a measure and a family of measures implies a
confusion at the upper level between a model and a family of models. Finally, having a
probability measure P —say, on the line— which belongs to some NEF is not a rare event:
it suffices that P belongs to M(IR).

Before studying NEF, let us recall some properties of the Laplace transforms. For
convenience, we take ' = IR", for using partial derivatives instead of differentials. Denote
by IN the set of non negative integers. If a = (ay,...,a,) belongs to IN" and if z =
(1, ...,x,) is in R", , we denote

an

al = aql..a,!, 2 =t

and 5 9 5
(5a)" = G (5)
Proposition 1.2 : Let p be in M(IR") and 6 be in ©(n). Then L, is analytic on
©(p) +iR™ and, for a in IN", one has

(S Lu0) = [ 4% (). )

Furthermore, for 7 and j in {1,...,n}

3%7%(9) = /%P(e,u)(dx) =m,, (6)
ae?aej Fu(0) = / (zi — my)(x; —my) P(0, ) (d). (7)

Proof : Without loss of generality we may assume that 0 € ©(u) and prove the ana-
lyticity in 0. It is shown by the dominated convergence theorem, by using the inequality
: for |6;] < a

e<0> < 2" cosh |axy|... cosh |azy,|

This also gives (1.5). Equalities (1.6) and (1.7) are easy to obtain.

A consequence is that the Laplace transform characterizes the measure :

Corollary 1.3 : Let u and g/ be in M(IR") such that I = ©(u) N O(y') is not empty
and such that L, = L, on I. Then pu = p/.

Proof : Let us fix §) in I. Since L, and L,/ are analytic on I +4IR" and coincide on
the open set I, they are equal on the whole strip I +/IR", in particular on 6y +IR". Thus
P(6y, 1) and P(6y, ') have the same Fourier transform. From the theorem of uniqueness
of Fourier transforms, the result is proved.



Note also that Prop.1.2 implies that P (6, 1) has moments af all orders if 0 is in O(u).
This would not be necessarily true for a 6 in D(u) \ O(n). We now reformulate the
equalities (1.6) and (1.7) in a coordinate free context. For p in M(F) and 6 in ©(u), and
for c and G in E* :

K,0) = [ 2P0, 1)(dz) = m. 8)

K/(0)(a, B) = /E <a,z—m><fx—m> PO, u)(dz). (9)

In (1.8) and (1.9), &/, and kj; denote the first and second differentials of the cumulant
transform k,. Remark that k], must be a linear form on E* thus an element of £, and
that kZ belongs to Ls(E*, E). They are respectively the mean and the covariance of the
probability P(6, u).

2 The parametrization by the mean, and the variance
function

We now exploit the equality (1.8). For this, we introduce the following set:

Definition 2.1 : Let p be in M(E). Then the subset Mp = k;,(©(11)) of E is called
the domain of the means of the NEF F' = F(u).

It is easy to see that Mg depends only on F itself, and not on a particular u used
to generate it. Its name comes obviously from (1.8). We are going to use Mg as a new
parametrization set of the NEF F' in what follows :

Proposition 2.1 : Let p be in M(E), 0 and ¢’ be in ©(u) such that &, (0) = k,,(¢').
Then 6 = ', and k;, is an analytic diffeomorphism from ©(u) onto Mp,).

Proof : If § and ¢’ are distinct, the function on [0, 1] defined by ¢ — k, (0 + (0’ — 0))
is strictly convex, by Prop.1.1 , and its derivative

ts<l —0,k,(0+t0 —0)) >

is strictly increasing. Watching it on 0 and 1 provides a contradiction. The fact that k|,

is an analytic diffeomorphism comes from the implicit function theorem, suitably stated

to include analyticity. It is applicable there, since the differential kg(&) is never singular.
We denote by ¢, the inverse of &, from Mp onto ©(u). Thus the map

m = P(yu(m), p) = P(m, F) (1)

is a new parametrization of the NEF F' by its domain of the means. It is easily seen that
P(m, F') does not depend on p. In some sense, it is more natural than the 6 parametriza-
tion, which depends on a somewhat arbitrary choice of a generating measure p. However,
since it depends on the implicit function theorem for the calculation of 1, usually its
explicit form is more involved, and we use it rather as an important theoretical tool.

We make now some remarks about Mpg. Since it is the image of the convex open set
O(p) by a diffeomorphism, it is an open set which is homeomorphic to E. Denote by
C(F) the interior of the convex hull of the support of the elements of F' (it is the same

5



for each of them). Then (1.8) shows that Mp C C(F'). Actually, in most of the practical
cases, these two sets are equal, but not always. There are examples in IR* where Mp is
not even a convex set (In IR, My is always an open interval, since it is homeomorphic to
R).
Definition 2.2 : A NEF F on E is said to be steep if Mp = C(F).
The following delicate theorem is due to Ole Barndorff-Nielsen, we are not going to
prove it and it still lacks of a simple proof. The second part explains why we use the word
"steep".

Theorem 2.2 : Let p be in M(FE) and F = F(u). Then

1) F is steep if D(u) is open.

2) F' is steep if and only if for all § in D(u) \ ©(u) and 0" in ©(u), then

lim < 6 — 0, k(0 +t(0 —0)) >= o0

In the statistical literature, one frequently calls "regular" a NEF such that condition
1) of the theorem is fulfilled. Of course, there are steep families which are not regular:
the NEF of inverse Gaussian distributions generated by (1.2) provides an example.

We now turn to the definition of the variance function.

Definition 2.3 : Let F' be a NEF on E, and for m in Mp, denote by Vr(m) the
covariance operator of P(m, F'). Then the map m +— Vp(m) from Mp to Ly(E*, E) is
called the variance function of F'.

The following proposition provides different ways to compute it and shows that the
variance function characterizes the NEF.

Proposition 2.3 : Let F' = F(u) be a NEF on E. Then

Vr(m) = (¢),(m)) ™", (2)
ki (0) = Vi (K, (6))- (3)

Furthermore, if F' and F’ are two NEF such that V and V/}. coincide on a non void open
subset J of Mp N Mg, then F = F".

Proof: From the definition of 1, (m), we write k/,(¢,,(m)) = m. Taking the differential
of both members gives

ku(bu(m)) o ¥, (m) = idp
which gives (2.2). Identity (2.3) is obtained by the definition of Vp and (1.9).

Finally, take mg in J and g and p’ generating " and F” respectively. Let 6y = 1, (mo)
and 6y = 1, (mg). We choose arbitrarily o in E* and consider the function

y(t) = k;, (60 + tar),

as defined in a neighborhood of 0 in IR and valued in E. Then, from (2.3), it satisfies the
ordinary differential autonomous equation

y'(t) = Vr(y(t))(e)



with initial condition y(0) = mgy. From uniqueness in the Cauchy Lipschitz theorem, we
deduce that
k(0o 4 ta) = K, (0 + ta)

in a neighborhood of 0 for ¢. Thus there exists a constant b such that e’L, (6 + ta) =
L,/(0y + tar). A standard reasoning based on the analyticity of Laplace transforms then
shows that

/,Ll(dl') — e<96790,x>+bu(dl,)’

and this shows that /' = F’. The proof of the Prop.2.3 is now complete.

We conclude this section by recalling how to estimate by the maximum likelihood the
parameter of a NEF :

Proposition 2.3 : Let FF = F(u) be a NEF on E. Let xq,...,x, be a sample of
observations of the distribution P(0, u) = P(m, F'). Then if T, = (1 +...+x,)/n belongs
to Mp, the maximum likelihood estimators of m and 6 are 7,, and v, (%,,).

Proof : From Prop.1.1, the function on ©(u):

O—<0,21+ ...+ x, > —nk,(0)

is a strictly concave function whose differential cancels for § = ¢,,(7,,). Thus the maximum
likelihood exists and is reached there.

Comments: 1) Since Mp is an open set and since by the law of large numbers (z; +
... + x,)/n converges almost surely towards an element m of Mp, there exists almost
surely an n such that (z; + ... +z,)/n belongs to M, thus the necessary condition of the
proposition is not that demanding.

2) Suppose that we have to solve the same problem with a GEF, as described in (1.3).
Then we apply Prop.2.3 to the associated exponential family, getting the estimator of 6
equals to v, (T,), with x; = t(w;). For instance, if we apply this to the Gaussian family
(1.4), where both the variance and the mean are unknown, the domain of the means of
the associated NEF is the interior of the parabola y = 22/2, the family is steep, T, is in
the interior almost surely for n > 1, and the estimators of the mean and the variance are
the classical ones : Z,, = (Z; + ... + Z,)/n and

2 — %((z1 T et (2~ T,

3 The Jorgensen set of a NEF and the conditioning

Definition 3.1 : Let u be in M(E). The set of p > 0 such that there exists yu, in M(E)
with ©(p,) = ©(p) and L, = (L,)? is denoted by A(u) and is called the Jorgensen set
of u.

It is clear that A(u) U {0} is an closed additive semigroup. It is also clear that
A(p) = A() if F(pu) = F(p). For this reason, it makes sense to talk about the Jorgensen
set A(F') of the NEF F. One has A(F') = (0, 00) if and only if the distributions in F" are



infinitely divisible. Considering p in A(u), the NEF F, = F(u,) does not depend on the
particular p chosen to generate F'. B.Jorgensen calls the model

U %

PEA(F)

an exponential dispersion model. The domain of the means of F}, is pMp, and the variance
function is pVp(m/p).

In one dimension, finding the Jorgensen set is usually easy. However, in higher dimen-
sions, it can be a harder task, as we shall see later with the Wishart distributions.

Finally, the last result of this introduction to NEF is the following:

Proposition 3.1 : Let u be in M(E), F = F(u), po,...,pn be in A(F') and 6 be in
O(u). Let Xo, ..., X, be independent random variables in £ with respective distributions

PO, o), ..., P(0, i),

S=Xo+ ..+ X, and p = py + ... + p,. Then the distribution of S is P (¢, i1,,) and the
conditional distribution K of (X3, ..., X,,), knowing that S = s, does not depend on 6.
Comments : This conditional distribution is sometimes called the Dirichlet distribution
of parameters (po, ..., Pn; §) associated to the NEF F. In the statement of the proposition,
we have written for simplicity p; for ¢ with index p;.
Proof : Let G : F — IR and F : E" — IR be any functions with compact support.
Computing E(G(S)F (X1, ..., X,,)) in two ways, we get that

KS(dxlv ey d$n)ﬂp(d5) = (5x1+...+mn * NO)(ds):ul(dxl)m,un(dxn)a

and this gives the proof.

4 Morris class of Natural Exponential Families on IR

In the previous lecture, G. Letac has introduced the variance function of a NEF as an
important tool to study its statistical properties since it characterizes entirely the NEF.
The first one, Morris [16] has isolated the class of NEF with a quadratic variance function
(QVF), ie, where V(m) is, at most, a quadratic polynomial function of the mean. Up to
affinities and powers, there are only 6 such families. Let us briefly mention what we mean
by affinities and powers: Let F' = F(u) be a NEF on E; ¢ : 2 +— az + b be an affinity on
E with a € GL(E),b € E, then o(F) = {@.P(m, F);m € Mg} is still a NEF generated
by ¢. (1) and such that:

Myry = ¢(MF) Vory(m) = aVe(e™'m) 'a
Vo) (m) = a®Vp(™=2) for E= IR (1)

Let Ap = {)\ >0;3 puy € M(E); L, (0) = (LH(G)))‘} be the Jorgensen set of F. Recall
that if A € Ap, F) = F(uy) is characterized by

m

Mg, = AMp Vi (m) = V() (2)



One will say that two NEF F and F are of the same type if there exist an affinity ¢ and
a power \ in Ap such that F = ©(Fy). We have listed the 6 types of QVF-NEF in the fol-
lowing table. Let us briefly indicate how we get these types: let be Vp(m) = am?+bm+c.
Then:
Either a = b =0, Vr(m) = ¢ > 0 and from (2), F' is a Normal NEF with variance 02 = c.
Either a = 0,0 # 0, then F is a affinity of the Poisson family (with ¢ : 2 +— bz — 3)
Or a # 0 and Vr has two, one or zero roots in IR ; up to an affinity or a power (see (1)
and (2)), Ve can be written:

e two roots: Ve =m+m? ( + for a > 0 and - for a < 0); hence F is of type Binomial
or Negative-Binomial

e one double root Vi = m? (since Vr > 0) and F is of type Gamma

e no root Ve =m? + 1 (since V& > 0) and F is of type Hyperbolic cosine.



The six types of quadratic NEF

Name Mp Vi p(dx) k,.(9)
2 2
Normal IR 1 exp _z d_x 8—
2 ) 27| 2
too s
Poisson (0; +00) m > — exp 0
= n!
Binomial (0;1) m — m? do + 01 log(1 + ¢?)
+o0
N-Binomial (0; +00) m + m? > 6, —log(1 — %)
n=0
Gamma (0; +00) m? Lo;to0)da —log(—0)
Hyperbolic cosinus IR 1+ m? dx —log(cosh)
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P(m, F) AF MFA VF)\ P(m, F)\)
2
(x —m)? dx ) exp —& %)
— — | (0;+ R A= ———d
exp > Von (0; +00) o N x
400 mte~™
> ' dp(dx) (0;+00) | (0;+00) | m P(m, F)
n=0
N mA\ k m\ N—k
méo+(1—m)s, | IV O.N) | m—im? |3 Ck (—) (1 - —) 5 (d)
=0 N N
(A=N)
+o00 +o0o
n ) ) 1 9 F(n + )\) m \" \ A
DWRACD (0:-+00) | (O:o0) | Tm® +m | 3 e (i) (=) 0
T om
T 1 m
ie_%l(oqr y(z)dx | (0;400) | (0;+00) lm2 e 2 M 0,400y () d
m e ’ ’ A C'(A\)m? e
cos0e p(dx) (0;4+00) | IR A+ +m? (cf Morris [16])
m = tand
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In his paper Morris lists some properties satisfied by the QVF-NEF and presents them
in a unified way. They concern infinite divisibility, cumulants, orthogonal polynomials,
large deviations, limits in distribution ([16]) as well as some Bayesian estimation and re-
gression structure ([17]).

Actually these 6 types had already been isolated in the statistical literature by different
ways. Let us cite:

Meixner|15]: for exponential generating function

Lancaster[12]: idem

Laha & Lukacs|[11]: for quadratic regression

Shanbhag[19]: diagonality of Bhattacharya matrices

Feinsilver|7]: orthogonal polynomials

We focus this talk on the characterizations using orthogonal polynomials, that is
Meixner’s and Feinsilver’s ones. We use the terminology of NEF to present them.

5 Meixner and Feinsilver characterizations of the Mor-
ris class

5.1 The characterizations

We begin with Meixner’s result as it was exposed by A. Koudou in a unpublished work.

Theorem 5.1 Let F be a NEF on IR, u be a probability of F with mean 0. If (Q,) is a
sequence of pu—orthogonal polynomials such that Q,, is monic of degree n (ie the coefficient
of ™ is 1), then the following statements are equivalent:

i) there exist an open set O of IR and a,b: O — IR two analytic functions such that
for any z in O

> 2 Q= explalz)r +b(z))

ii) F is quadratic.
In this case a(z) = ¢, (az) and b(z) = —k,(a(z)) for some real number a.

The sequence (@),,) is said to have an exponential generating function.

Feinsilver’s characterization precises one particular way to get such a sequence:

Theorem 5.2 Let F be a NEF on IR, 1 be a probability of F' with mean 0 and let f, be
the density of P(m, F') with respect to u, ie for x € IR and m € Mp:

fu(xa m) = exp{@/)u(m)x - ku(@z)u(m))}

Then, if P,(z) = a?:" (T, M) jm=0, Pn is a polynomial in = of degree n.

Furthermore (P,) are p-orthogonal if and only if F is quadratic.
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In fact the hypothesis “u is a probability of mean 0” is not necessary. We have the same
result with any probability with mean mg in Mp. Indeed if we consider ¢ : z — x — my,
(1) has mean 0 and

fou (@,m) = exp{ty(y(m)z — Ko Yo (m) }
= exp{t¢u(mo +m)(x —mo) — kb (mo +m)}
= fulx —mg,mo+m)

Hence

PO (,0) = f{P(x — mo, mo)
Pga(u)m(x) = Pu,n(:v—mo)

Consequently (P,(,),n) are ¢(u)-orthogonal if and only if (P,,) are p-orthogonal and the
conclusion of the previous Theorem is the same. We suppose my = 0 yet in the proofs.

Before giving their main properties , let us recall what polynomials are involved for
the six QVF-NEF:
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Classical orthogonal polynomials on IR:

Name Denoted | First terms Induction relations
Hermite H, Hy=1 20H,(x) = Hpi1(x) + 2nH, 1 (2)
Hy(z) =2z

Charlier ce Cy=1 rC(z) = —aCy () + (n + a)Cf(x)

(@>0) | Cpe) === —nCy 4 (@)

a
Laguerre | L% Ly =1 —xLg(x) = (n+1)L5, (x)
LY (z) = —x+a+1 —2n+a+ 1)L (x)

(> —1) +(n+a)l? (z)
Krawchouk | K?N KN =1 e KPN(z) = (n + 1)KPN (2)

(0 < p <|KPY(2) =2—pN +(n+ p(N = 2n)) KN ()

1)

(N e N) +p(1=p) (N —n+1) K0 (x)
Meixner M¢eP MEP =1 e MeP(z) = MSP, (z)

1
(first (c#1) M{P(z) =2 — &2 +w MP(z)
—c
type) ;
—1

(5 € R) +m("1+—_ﬁc) M ()
Pollaczek | P} B} =1, P (z) = (n+ AP}, (z) + nP)_(z)

(AeR") | PMz)=1%
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Orthogonal polynomials for the Morris class:

Type mo | P(mg, F)(dx) P (x)
Gaussian 0 exp(—%)\%%T (%)”Hn(\/ﬁ:p)
1
Poisson 1 > —exp(=1)d, | (=1)"Cy(z)
n>0 """
Ve(m) = (m —mg) + my
s n el
Binomial : (00 + 61) nl(3)"Ki" (x)
Ve(m) = —(m —mg)* + (1 — 2mg)(m —
mo) + mo — mg
1 n o, 1
Negative-binomial 1 Z(§)x+15n =% M7 (z—1)
n>0
Ve(m) = (m — mo)* + (2mo + 1)(m —
mo) + mé + mg
Gamma 1 exp(—2) (g 100y (dx)| (—1)"LO(x + 1)
Vie(m) = (m—myg)?+2mo(m —mg) +m?
. dx 1
Hyperbolic 0 ———— n!P!(z)
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5.2 Proofs

Let us begin with a preliminary result:

Lemma 5.1 Let p be a probability on IR such that 0 € ©(u) and [xu(dx) = 0. Denote
by (Q,) the sequence of orthogonal polynomials with respect to p such that Qn s monic of

degree n. Let be r = sup{a;(—a,a) C O(u)}. Then the entire serie Z Qn(z) valued

in L?(u) has a radius of convergence > r/2.

Proof: We have to prove that for |z| < r/2:

lszHJroo/ ( Qn( )>2u(dx) = limNHJrooTiin—z!;/Qi(x)u(dx) < +o00

Denote [ Q?(z)u(dz) =b, and [z"u(dx) = ~,. Then since 2" — Q,, () is of degree < n,
@, and =" — @,, are orthogonal, so

J o p(dx) = f(w —Qn( ))?ulda) + [ Q7 (x)p(dx) ie: Yan = by,

But /ez Z T if |2] < a < r from the analyticity of L, on ©(u). Hence

2n
Z%vgn < 4o ifa<r.

) 1 /7T7’L 1 2n 2n 22n
Now since 2n)] ~ oo ()2 Jan we get, Z 2 ————Y, < +ooifa < r. Hence Z b, < Z W%n

and converges if |z] < /2 < r/2.

Let us denote by

(1) Z = exp{a(2)z + b(2)}
(1) a(z) = %(CYZ), b(z) = —ku(a(2))
(2) F is quadratic with Ve(m) = am? + bm + ¢

(3) P.(z) = 8 f” (x,0) are orthogonal polynomials
m”

(3’) ©P, = cP,1 +nbP, + {an(n — 1) + 1} P, 4

To prove Meixner’s and Feinsilver’s equivalences, we can proceed like this:
First prove (3) = (2) = (3’) = (3) (this is Feinsilver’s result).

Then since f,(z,m) = exp{¥u(m)z — k,(¢Y(m))} = > %P () the implications (3)
— (1) and (1) with (1') = (3) are obvious. It will only remain to prove (1) = (1)
to conclude to Meixner’s result.
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Proof of Feinsilver’s result
We begin by proving (3) = (2).

For small m and z € IR, ) m—Pn(x) = exp{¢,(m)x — k,(¢,(m))}. Since ,(0) = 0, the

series Z ) is valued in L?(u) and from the orthogonality of the polynomials (P,),
we get for small m and m

> Tn?;z / Po(2)2u(dz) — / (Z WZZEZ;)!ﬁPn(l')Pﬁ((E)> u(dz)

expg(man) = [ exp{(u(m) + v (0)w — kai(m) =k, (7)} (d)
= exp {k, (Yu(m) + (M) — ky (Vu(m)) — Ky, (¥, ()}

We can derive the log of this expression with respect to m ; we get :

g'(man)m = ki, (4 (m) + ¢, (m)) ¢, (m) = ki, (u(m)) ¢, (m).

At m = 0, since k], (¢,(m)) = m and k), (1, (m)) oy, (m) = mVe(m)~", we have :
g'(0)m = ¢,,(0)k, (¢b,.(m)) = Vi(0)~'m, hence ¢'(0) = Vp(0)~

Deriving a second time : ¢”(m.m)m?* =

ko (Y (m) + () 4y, (M)? + Ky, (,(m) + 40, ()) () — Vip(m) — mVi (1) Vip () 2
At m = 0: g"(0)m? = (¢,(0))*Vr(m) + mey(0) — Ve (0)~!

Hence Vp(m) is quadratlc on a open set around 0 and by extension on IR.

(2) = (3) )
We have Vi (m) = am?+bm + c. Since exp{¢,(m)z — k¥, (m)} = %Pn(x) for small
5 (kL. (0)"

' P, (x)e"®)
n!
Derive this equality with respect to 0:

e (Zn%(e»“kg(e)

n!
(k.o)—
- (= e +
Hence looking at the coefficient of (k/ (¢
xP,(x) = cP,y1 +nbP, + {an(n —
This is (3).

m, we have exp(fz) =

(9))"+1

)+ Z (x)) ekn(®)
(K,(0)) + ¢)Pala) + 3 %

b
)" =m", we get
1)+ 1}P,

(3) = (3) '
We here suppose that Py(z) = —z and 2P, = ¢P,41 + nbP, + {an(n — 1) + 1} P,
¢

Then by induction on n, we can successively prove:
1) Vn#0 [ P,(z)u(dz) =0
ii) 29P, = BgnPog+ >, % Pr(z) with 8, =0if n < q.

n—q+1<k<n+q
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iil) Pp(z) = ana™ + Y agaz?

q<n

We then prove that [27P,(x)u(dr) = 0 if ¢ # n and consequently [ P, P, =0 if n # q.

Proof of Meixner’s result

To conclude to Meixner’s result from Feinsilver’s one, we have seen that it is enough to
prove (1) = (1’) now.

So we suppose the polynomials (),, monic, p-orthogonal and with a generating exponential
function. Then:

/ Z§Qn<w>u<dx> = / (Zi—j%(w)) Qo(x)pu(dr) = / Q4 (x)pu(dzx) =

= [exp{a(z)r +b(2)}pu(dz) = exp{k.(a(z))+b(2)}

Hence b(z) = —k,(a(z)).
Then (Z = Qn(x) )Ql r)u(dr) = z [ Q3(x)u(dx) where Qi(x) = ayx + 3. Since
[ Q@) = [ Qu(#)Qolw)p(da > — 0, we get 4 = 0, hence [ Q3(x)p(dx) = o3 [ a*pu(d) =

o3 Ve (0), sonthat
[ (X 200 Quentdn) = 3=vie(o).

But we also have:
J (Z 2000 @utantde) = [ axexpla(=)e = kulal=)) bulde) = sk, (a(2))
Hence k’( (2)) = a12Vr(0), or equivalently if @ = a1V (0), a(z) = ¢,(az). Finally:

> an(x) = fu(z,az) and Q,(z) = a”f/(]l)(x, 0) = a"P,(x).

6 Quadratic Natural Exponential Families on IR

The sequel is devoted to the generalization of the previous characterizations to IR?. For
this we first have to define what we mean by QVF-NEF.
Let F be a NEF on IR? with variance-function Vi : My — L,(IR") (the space of symmetric
endomorphisms of IR?). F is said to be quadratic (or a QVF-NEF) if there exist

A: R*x IR* — L,(IR) bilinear

B: R?— L,(IR") linear

C € L,(R%
such that Vi(m) = A(m, m) 4+ B(m) + C, i.e if a basis e* = (e;) of IR* is specified,

Vp(m)|e* = Z Aijmimj + Z .BZ’H’LZ + C
with A;;, B;, C' symmetric matrices and m = Y~ me;.

The class of QVF-NEF on IR? is not entirely determined. Only different elements have

18



been isolated ; in particular it can be proved that :

for A=0, F is an affinity of a Poisson-Gaussian family whose distributions are prod-
ucts of real Poisson or Gaussian distributions(see Letac [13]), see below. In that case F
is reducible.

for B=C=0, i.e Vg(m) = A(m,m), F is a Wishart family on a symmetric cone (see
Casalis [2])

for Almym)=am®m :z+— am <m,z >, i.e Vp(m) = am @m + B(m) + C, F is
said to be a simple quadratic NEF.
In these two last cases, F' is said irreducible in the sense that we cannot write it as a
product of NEF on subspaces of IR%.
The sub-class of simple QVF-NEF plays a particular role among the quadratic class.
It firstly constitues an important tool in the determination of some cubic NEF on IR?
which generalize the real cubic NEF (see Hassairi [9]). It also satisfies different statistical
properties (as a simple UMVU estimator for Vi (see Casalis|[3]), a property on Bayesian
conjugate prior distributions families (see Consonni and Veronese [6])). In the next sec-
tion we will see which role it plays in Meixner’s and Feinsilver’s characterizations.

This sub-class is completely described (see Casalis [5]):
Theorem 6.1 There are exactly 2d + 4 types of such families on IR .

They are described as follows:

a)The (d+1) Poisson-Gaussian types (PG)g, k=0,..,d

They are defined from the (d+1) types of NEF characterized by Letac [13]| as the only
types with an affine variance-function. Up to affinities and powers, there exists £ in
{0,..d} such that F is the family of the products of k Poisson distributions and d — k
normal distributions. Hence, F is characterized in a suitable basis e* of IR? by:

Mp = (0; +00)* @ IR**

Vie(m)je» = diag(ma, .., mg, 1,.., 1)

b) The (d+1) Negative multinomial-Gamma types (NM — Ga)y, k=0, ..,d

We shall first introduce the well-known Negative multinomial distributions on IR? as dis-
tributions of a natural exponential family. We adopt the presentation of Letac|14|

Let {e1,..,eq} denote the canonical basis of IR? and ey be the null vector. Then consider

d

the measure vo(dz) = Y 4, and for n in IV, v5" the n' convolution of vy (with the
i=1

convention v§° = §,,). Now let be

+o0
(D) — Z ,/Szm = (6ey — 1/0)®_1 (3)
n=0
Clearly the Laplace transform of (9 is given by
d d
L@ =1-> el on 0w ={0ec R, e <1}
=1 i=1
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The family F(v@) is the analogous of the real family of the geometric distributions. Tt

is composed by the probabilities P(m, F') defined on IN* by:
if S =my + .. +my, then

1 ny+..+n my \™ my \ "
Plm, F)mey . naca) = 7 < - ndd ) (1 +1S) ) (1 +dS) (4)

The variance-function of F(v(9) is given on M@y ={m € IR mj > 0} by:
Vip@)(m) =m @ m+ diag(m, .., mq)

For p > 0, the p™ power v/{? of 19 generates the family of the Negative multinomial
distributions with parameter p on IR®. The NEF F(v9) is the (NM — Ga)q family.

To define the (NM — Ga)y—1 family, we consider the following mixture of a (d — 1)
dimensional Negative multinomial family and a Gamma family on IR. Let v{*~Y denote
the measure given in (3) on IR and for p > 0 let , be the following measure on IR:

pldz) = ﬁxpll(o,oo) (2)da (5)

We then introduce @Y (dzy, .., dzy) = v\ (dxy, .., dl‘d_l)/}/zﬁifl 211 (dzq) with Laplace-
transform on O (V) = {# € RY;, Y 1e + 0, < 0}

-1

d—1
Lu(d—l) (Q) = <—0d — Z 601-)
=1

The variance function of F' = F(u(4~V) is defined on My = (0, 00)% by:
Vr(m) =m ® m+ diag(my, .., m4—1,0)

The powers F), of F are generated by the measures

(d-1)

/'Lp dl'd)

(dxy,..,dxq) = I/I()dil)(dxla - dxdfl)')/zgz—ll ot
for all p > 0. They are composed by the distributions of random variables (X7, ..X,)
where (X7,..X;_1) has a Negative multinomial distribution with parameter p and X,
conditionally to (Xi,..X, ;) has a Gamma distribution with parameter %=1 X; + p.

The d — 1 other (NM — Ga), families admit a Gaussian part in addition. Let k be
in {0,..,d — 2}. We still denote by v and by +, the measures on IR* and IR respec-
tively given by (3) and (5). Let A¥) be the normal distribution on IR* with mean 0 and
covariance pl,. Then we put if £ > 1:

)\(d*k*l)

Tht1 (dxk+2’ ey dl’d)

(k) — (k)
p(dxy, .., dxg) = v (dxy, .., dxy,) ’yzfilmiﬂ(dxkﬂ)
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and /'L(O) (dxla ) dxd) = Vl(dxl) )‘(zci_l) (dx27 ) d'rd)
We have the following:

O (u™) - {9 € RY Op1 + 5 o0y 007 + 20, €% < 0}
-1

L, (0) = (—9k+1 — 5 e 07 — X €6i>

M) — (0, 00)M*! x REE

VF(M(’“))(m> = m®m+diag(mla"7mk707mk+17“7mk+1>

Here again the powers F, of F(u®) are generated for all p > 0 by

(d—k—1)

Tpi1 (dxk+2’ ..,dl’d)

qu()k) (dxy, .., dxg) = I()k)(dxl, ., dxy) ’yz{ilmﬁp(dwkﬂ) A

They are composed by the distributions of (X7, .., X;) where (X1, .., X) has a Negative

multinomial distribution with parameter p, X;.1 given (Xi, .., Xx) is Gamma distributed

with parameter 3% | X; 4+ p and (Xj o, .., Xq) given (X1, .., Xj41) are d — k — 1 real inde-
pendent Gaussian variables with mean 0 and variance Xj, .

Note that the cases where the three Negative multinomial, Gamma and Gaussian families
are mixed do not appear in IR*>. The family F(u") on IR* appears the first time in the
paper of Bar-lev, Bshouty, Enis, Letac, Li Lu and Richards [1] as one of the NEF whose
margins are in two different Morris families.

¢)The multinomial type M
We take again the presentation of the multinomial distributions from Letac [14].
Let {ey, .., eq} denote the canonical basis of IR? and e, be the null vector. Then the mea-

d
sure on IN?, p(dz) = > 4.,, generates a NEF F with variance function on Mp = {m €
=0
RV m; > O,Z?Zlmj < 1} equal to:
Vi(m) =m ® m+ diag(my, .., mq)

For any p in IN— {0} the p™ power F, of F is the set of probabilities P(m, F,,) defined by

A\ "o d N\
ke s v = (0 ) (5 E(5) o
bl PR ]:1

where ng, ny, .., ng are positive integers with sum p.

d)The hyperbolic type H

Similarly to the (NM — Ga)y—1 type, this last case is built from the following mixture
of Negative multinomial family on IR?~' and the Morris family of the Hyperbolic cosine
distributions on IR.

Let v be the measure on IR*' given in (3), and for p > 0, a, be defined by its
Laplace-transform on (—n/2,7/2) equal to Lo, (0) = (cosf))"?. Now we introduce:

p(day, .., drg) = V'Y (day, .., dzg_y) Qa1 21 (dTa)
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Then

O(n) = {0e R di:l e’ < cosly}
diil -1
L,0) = (cost — Z 66’)
My —  (0.c0)l xR
Ve(m) = m®m+diag(m1,..,md,1,§mi+ 1)

i=1
The powers F), of F' are generated for all p > 0 by the measures

pp(dxy, .., dxg) = Uéd’l)(dxl, ey dTg_q) Crga-1 ml,ij(dacd)
Therefore F, is composed with the distributions of (X, .., X4) where (X7, .., X4-1) has a
Negative multinomial distribution and X, conditionally to (X7, .., X4_1) has the Hyper-
bolic cosine distribution with parameter Zf;ll X, +p.

Note that all the simple quadratic distributions presented here have the remarkable
following property: if (X7, .., X4) has such a distribution, then the law of X; belongs to a
Morris family and for any & = 1,..,d — 1, the law of X, conditionally to (X1, .., X}) is
also a Morris distribution with Jorgensen parameter depending of an affinity of X, .., X.
(Indeed, it is easy to check that if (X3, .., X;) has the Negative multinomial law (4), then
for any k = 1,..d — 1, (X3, .., X}) has still a Negative multinomial distribution (given
by (4) replacing d by k), while X, conditionally to (X7,.., X) has a Negative bino-
mial distribution with Jorgensen parameter 14 Y% | X;. The same remark holds true for
Multinomial distributions given by (6): Xy, conditionally to (X7, .., X;) has a binomial
distribution with Jorgensen parameter p — 3% | X;).

The proof of Theorem 6.1 is long and technical. It relies only on algebraic argu-
ments from the three necessary conditions:

i) Vp is symmetric: < o, Vp(m)g >=< (3, Vp(m)a >

ii) Vr(m) is positive definite on Mp

i) 7 (m) (@, ) = ((Ve(m))™) (@, 8) = —(Vie(m))~ (Vi(m)a)(Vie(m)) 18 is sym-

metric in o and ( as Hessian. This is equivalent to
Vip(m)(Ve(m)u)v = Vi(m)(Vi(m)v)u (7)

We first prove that there exists mg such that Vg(my) = 0. The translation = — x — my
yields to the case where Ve(m) = A(m,m) + B(m). In that case, relation (7) becomes
B(B(m)u)v = B(B(m)v)u. We then introduce the endomorphisms ((u) linear in u
defined by *Q(u)m = B(m)u. They hence commute and consequently have all a triangular
Jordan matrix in the same basis of €¢. Distinguishing the cases where the eigenvalues
are simple or multiple, real or complex and using linear transformations we isolate the
2d + 4 previous simple QVF.
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7  Meixner’s and Feinsilver’s characterizations on IR“

Let us first introduce some notations: let (ey, .., eq) be the canonical basis of IR?. Classi-
d

cally if 2 = Y xse; and y = S yie;, < 2,y >= Y zy;. fn= “(ny,...,ng) =D _ ne; is in
i=1

IN?, we write |n| = ni+...+ng the order of n and we also write 2" = 27" ... 2%% and n | =
ny !...ng !. A polynomial @ in x of order k can be written as: Q(z) = Z (AR
oeIN"; |ql<k

where at least one of the real numbers ¢, is non zero when |¢| = k.

The space of all polynomials on IR? is denoted by I1¢ and, for any k in IN, TI{ is the
subspace of the polynomials of IT¢ with order less or equal to k.
Let F be a NEF on IR?, /1 be one generating measure with mean mg. Then the probabilities
P(m, F) of F have a density with respect to u equal to

fulw,m) = exp{< u(m),x > =k, (m)}

As on IR, we can differentiate f,(z,m) with respect to m in the directions given by the
vectors of the basis and so define the functions (P,) by

ol
P,(x) = qu(x,m)‘m:mo — an|(x,m0)(\e}/,...,\e£)

ni ng

as Feinsilver [8] does, or we can differentiate it in other directions and so introduce for
any A in GL(IR")

Pin(z) = f/L”‘(x,mo)(éf_l/,...,é%) (8)

= fp(cn)(xa mo)(A61, e Aed)
Actually these Py, are polynomials :

Proposition 7.1 Let A be in GL(IRY) and define Py, (x) = fﬁ”)(x,mo)(Ael, o Aeg).
Then:

i) there exists a r > 0 such that, for all m in the open ball B(mg,r) and for all x in
ZRd
(m — A tmg)"

n!

fulz, Am) = 37
ne N

PAM(ZL‘).

ii) Pan(x) is a polynomial in x of degree |n| and the (PAm)nelZVd form a basis of T1%.

Feinsilver [8] proves that under the hypothesis “my = 0, Vr(my) is diagonal”, the or-
thogonality of the (P,) yields to a sub-class of QVF-NEF without specifying it. Labeye-
Voisin in an unpublished work shows that this is a sub-class of the simple QVF-NEF.
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Pommeret then completes this last result [10],[18]. The introduction of the linear auto-
morphisms A only gives more flexibility on the hypothesis, what is essential in the practical

determination of the polynomials since we have not to transform F by an affinity first.
Indeed if A is in GL(IR"), then we have:

fp(cn)(xamO)(Aela"'aAed) = f(‘l(u (A ZL'A mo)(el,...,ed).

as in the real case, so that if Q,(x) = (")1(M) (z, A7 mg)(e1, ..., eq) , then the (Q,) are

A~Y(p) orthogonal if and only if the (Pa,,) are p-orthogonal.

The Theorems
Pommeret finally gets the following characterization:

Theorem 7.1 Let F be an irreducible NEF on IR® and pi be a probability in F with mean
mg. Let A = (a;;) be in GL(IRY) and let the polynomials (PAm)nEINd be defined as in (8).
Then the three following statements are equivalent:

i) the (PAm)nelZVd are pi-orthogonal,
i) F is simple quadratic and A=*Vip(mg) 'A™Y is diagonal,

iii) there exist real numbers a, (vy)s—1

aaaaaaaaaaa

d d
xiPA,n(x) = Z aiS{USPA,nJres (x> + Z nlbfﬁsPA,nJretfez (l‘)

s=1 t,l=1

+ns(1+a(|n| — 1)) Pan—,(z) + (A’lmo)sPA,n(x)}.
In this case we have:
Vi(m) = a(m — myg) *(m — mg) + B(m —mg) + Vr(my),

U1 0
where (A~'B(Am) tA™! Z bmi and A7 Vip(mg) TAT =

Consequently we deduce the following characterization:

Corollary 7.1 Let F be an irreducible NEF on IR®. With the notations of Theorem 7.1,
F is simple quadratic if and only if there exists (A, mg) in GL(IRY) x Mp such that the
sequence of polynomials (PAJl)nerd is p-orthogonal.

Examples
We give here some examples of polynomials Py, for the five types of pure quadratic
NEF on IR* described by Casalis [4]. For each NEF and for each mg in Mp we take
arbitrarily A symmetric and such that A? = Vi(my).
Since each simple quadratic NEF is a combination of quadratic NEF on IR of the
Gaussian, Gamma, Negative binomial, Binomial and Hyperbolic cosine types, we obtain
combinations of the associated polynomials on IR.
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Orthogonal polynomials for the simple quadratic class on IR*:

Vp(m) mo A PA,n(x>

Two variables Bino- (%)‘”'Mﬁ?ﬁl (z2) ME2P2(z1 4 3)
mial type

ot mq 0 1/4 V3 0 2 61:—175121'1—1
mm+<0 m2> (3/8 s 2 -1 co=—1/3,8, =nq — 1

Two variables Nega-
tive Binomial type

mitm4 | T 0
0 mo

L (02
V2 2 5-1

()" Mt () M2 (1)

1 = 3_2\/5751 :xl_'_l
ca=1/2,0y=mn1+1

Gamma Negative Bi-
nomial type

t m10
mm+<0 0)

&%

ml(— )" L3 (02) () M3z (o)

co=1/2,0y=n1+1

Gamma  Gaussian ( %)man(\/%)(—l)mm!LZf (21)
type
0 0 1
t
(i) )
Negative  Binomial ()" (x1—1) ... (21 —1+n2) P} (22)

Hyperbolic type

n my1 Mo
m  m-—
mo —My

V2 1d

S-Sk

(
01:1/2,ﬁ1:n2+1

Y Mo (2 — 1)
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Pommeret also extends this result to the class of QVF-NEF by defining a “pseudo-
orthogonality” for polynomials :

We say that the polynomials (Q,) are pseudo-orthogonal if
I Qu(2)Qq(z)pu(dz) = 0 if [n| # |q|.

Pommeret gets a decomposition of I1? in orthogonal subspaces. Recall that I1¢ denotes the
space of polynomials of IR? and I1¢ the subspaces of polynomials of order < k. Introduce
Ey as the subspace of I1* generated by the (Pa,)n=x ; it is one supplementary of II{_;
in II{. Tt is easy to see from the n'™ linearity of f{"(z,mg) that the (E) are independent

I
of A. We can obviously write 1 = @®FE), and for simple quadratic NEF I = & FE.
However this property is not characteristic of the simple QVF-NEF. We have the following
(see Pommeret [18])

Theorem 7.2 Let F be a NEF on IR* and i = P(mg, F). Then, the following state-
ments are equivalent:

i) T4 = éke]N Ey,
ii) the polynomials P,(r) = flsn)(:p, mo)(e1, ..., eq) are p-pseudo-orthogonal,
iii) F is quadratic,
w) if A= (ay) is in GL(IRY), then there exist real numbers (v4), (b3;) such that:

d d
xiPA,n(x) = Z Ais ( Z /Uzlv(nu - 5uv)nvPA,n+etfeufev (l’)
s=1

tyu,v=1

d
+nsPap—e,(x) + Z Ny Pante—en (T)

t,u=1

(A ) Pan(e) + Z<vA1F<mo>>uPA,n+et<x>) .

t=1

We conclude now in characterizing the polynomials (Py4,) among all the sequences
of (pseudo-)orthogonal polynomials by a condition equivalent to Meixner’s one. Let us
remark that if, on IR, up to factors of normalization, there is only one sequence of orthog-
onal polynomials with respect to a measure u, the subspaces Ej being one-dimensional,
k+d-1

k
and when F'is quadratic (resp. simple quadratic) we know some pseudo-orthogonal (resp.
orthogonal) basis. These are the {Py,; |n| =k} for suitable A. But, of course, there are
not the only pseudo-orthogonal ones. We have the following (see Pommeret[18]):

on IR? this is no more true. The dimension of the subspace Ej is 1, =
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Theorem 7.3 Let F be a NEF on IR® and p the probability of F with mean m,. Let
(Qn)nde be a sequence of u-pseudo-orthogonal polynomials such that Q,, is of order |n|.
Then, the two following statements are equivalent:

i) the generating function of the (Q,) is exponential, i.e. there exist r > 0 and two
analytic functions: a : B(0,7) — R*, b: B(0,r) — IR, such that, for all z in
B(0,r),

> ZQu@) = espllat).a) + b)),
nelN"

ii) there exists A in GI(IR®) such that, for all n in IN?,
Qn(x) = Qo(x)Pan(z) = Qo(x)fén)(x,mo)(Ael,...,Aed).
In this case, a(z) = Y, (Az +mg) and b(z) = —k, (Y, (Az + my)).
From this theorem we can deduce:
Corollary 7.2 Let F be a NEF on IR and u a probability of F with mean mo. Then,

i) there exists a sequence of u-pseudo-orthogonal polynomials with an exponential gen-
erating function if and only if F' is quadratic,

ii) if F is irreducible, there exists a sequence of u-orthogonal polynomials with an ex-
ponential generating function if and only if F' is simple quadratic.

This Corollary generalizes Meixner’s characterization. The proofs of these Theorems are
similar to the real case.
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